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▼♦t✐✈❛t❡❞ ❜② t❤❡ ♣r❡✈❛✐❧✐♥❣ s❡✈❡r❡ s✐t✉❛t✐♦♥ ✐♥ ■♥❞✐❛✱ ✇❡ ❡①t❡♥❞ t❤❡ ❙■❘✭❙✮
♠♦❞❡❧ ♦❢ ✐♥❢❡❝t✐♦✉s ❞✐s❡❛s❡s t♦ ✐♥❝♦r♣♦r❛t❡ ❞❡♠❛♥❞ ❞②♥❛♠✐❝s ❛♥❞ ✐ts ✐♥t❡r❛❝t✐♦♥
✇✐t❤ ❈♦✈✐❞✲✶✾ s♣r❡❛❞✳ ❲❡ ❛r❣✉❡ t❤❛t✱ ♦♥ ♦♥❡ ❤❛♥❞✱ s♣r❡❛❞ ♦❢ ❈♦✈✐❞✲✶✾ ❝r❡❛t❡s ♣❛♥✐❝
❛♠♦♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ✜r♠s ❛♥❞ ♥❡❣❛t✐✈❡❧② ❛✛❡❝ts ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❡❝♦♥♦♠② ❛❝t✐✈✐t② ✐♥t❡♥s✐✜❡s t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ✐♥❢❡❝t✐♦♥✳ ■♥✐t✐❛❧❧② ❛ss✉♠✐♥❣
t❤❛t r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ❞♦ ♥♦t ❞❡✈❡❧♦♣ ❛♥t✐❜♦❞② ❛♥❞ ❜❡❝♦♠❡ s✉s❝❡♣t✐❜❧❡ ❛❣❛✐♥✱
✇❡ ❝❛♣t✉r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❛♥❞ s♣r❡❛❞ ♦❢ t❤❡ ❞✐s❡❛s❡ ✐♥ ❛
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠✳ ❲❡ s❤♦✇ t❤❛t ❛ ❧❛r❣❡ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❝♦♠❜✐♥❡❞
✇✐t❤ ♠❡❛s✉r❡s t♦ ❜♦♦st ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ❛s ✇❡❧❧ ❛s ✐♠♣r♦✈❡ ❤❡❛❧t❤ s❡❝t♦r✬s ❝❛♣❛❝✐t②
t♦ ♣r♦✈✐❞❡ ❝r✐t✐❝❛❧ ❝❛r❡ ❝❛♥ ❛t t❤❡ s❛♠❡ t✐♠❡ ✐♠♣r♦✈❡ t❤❡ ❡❝♦♥♦♠② ❛♥❞ ❝♦♥tr♦❧ t❤❡
s♣r❡❛❞ ♦❢ t❤❡ ❞✐s❡❛s❡✳ ❲❡ ❛❧s♦ ✜♥❞ ❛ s❧✐❣❤t❧② ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡ r❡s✉❧t t❤❛t ❛ ✜s❝❛❧
❝♦♥tr❛❝t✐♦♥ ❝❛♥✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ✐♥❝r❡❛s❡ ♦✉t♣✉t ❛♥❞ r❡❞✉❝❡ ♥✉♠❜❡r ♦❢
✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇ t❤❛t s✉❝❤ ❛ ♣♦❧✐❝② ❛❧s♦ ✐♥❝r❡❛s❡s ❢r❛❣✐❧✐t② ✐♥
t❤❡ s②st❡♠✳ ❋✐♥❛❧❧② ❛ss✉♠✐♥❣ t❤❛t ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ❜❡❝♦♠❡
s✉s❝❡♣t✐❜❧❡ t♦ ❝♦♥tr❛❝t✐♥❣ t❤❡ ❞✐s❡❛s❡s ❛❣❛✐♥✱ ✇❡ ♦❜t❛✐♥ r✐❝❤❡r ❞②♥❛♠✐❝s ✐♥ ❛ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝❛❧ s②st❡♠✳ ❚❤❡ ♣❛♣❡r ❛❧s♦ ❤✐❣❤❧✐❣❤ts t❤❡ ✐♠♣♦rt❛♥t r♦❧❡ ♦❢
s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ✐♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t ✐♥ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ st❡❛❞② st❛t❡
✐♥❝❧✉❞✐♥❣ ❡♠❡r❣❡♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s✳
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❏❊▲ ❝♦❞❡s✿ ❊✶✷✱ ❊✸✷✱ ❊✻✷✱ ❍✺✶
✯P❤❉ ❝❛♥❞✐❞❛t❡ ✐♥ ❈❡♥tr❡ ❢♦r ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ❛♥❞ P❧❛♥♥✐♥❣✱ ❏❛✇❛❤❛r❧❛❧ ◆❡❤r✉ ❯♥✐✈❡rs✐t②✱ ◆❡✇
❉❡❧❤✐✱ ■♥❞✐❛❀ ❡♠❛✐❧✿ ♣✐♥t✉♣❛r✉✐✻❅❣♠❛✐❧✳❝♦♠✳ ❚❤❡ ❛✉t❤♦r ✐s ✐♥❞❡❜t❡❞ t♦ ●♦❣♦❧ ▼✐tr❛ ❚❤❛❦✉r ❢♦r ❤✐s
✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts ❛♥❞ ▼♦❤✐t ❆r♦r❛ ❢♦r ❤✐s s✉♣♣♦rt✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✉t❤♦r ✐s s♦❧❡❧② r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡
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✐♠♣❡♥❞✐♥❣ ❤❡❛❧t❤ ❛♥❞ ❡❝♦♥♦♠✐❝ ❝r✐s✐s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ■♥❞✐❛✳ ❆❧t❤♦✉❣❤ t❤✐s ♣❛♣❡r ✐s
♠♦t✐✈❛t❡❞ ❜② ■♥❞✐❛♥ ❡①♣❡r✐❡♥❝❡✱ ♦✉r ❛♥❛❧②s✐s ✐s ❛♣♣❧✐❝❛❜❧❡ ❢♦r ♦t❤❡r ❝♦✉♥tr✐❡s ❛s ✇❡❧❧✳
■♥❞✐❛ ✐s ❝✉rr❡♥t❧② ✇✐t♥❡ss✐♥❣ ❛ r❛♣✐❞ ✐♥❝r❡❛s❡ ✐♥ ❈♦✈✐❞✲✶✾ ✐♥❢❡❝t✐♦♥s ✇❤✐❧❡✱ ❛t t❤❡ s❛♠❡
t✐♠❡✱ ♠✐❧❧✐♦♥s ♦❢ ♣❡♦♣❧❡ ❤❛✈❡ ❧♦st t❤❡✐r ❧✐✈❡❧✐❤♦♦❞s ❜❡❝❛✉s❡ ♦❢ ❛ s✉❞❞❡♥ ❛♥❞ ✉♥♣r❡♣❛r❡❞
✐♠♣♦s✐t✐♦♥ ♦❢ ❛ ❧♦❝❦❞♦✇♥ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t✳ ❚❤❡r❡❢♦r❡ ❛❧♦♥❣ ✇✐t❤ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❝♦✈✐❞✶✾
s♣r❡❛❞✱ ❣♦✈❡r♥♠❡♥t ❛❧s♦ s❤♦✉❧❞ ❢♦❝✉s ♦♥ r❡✈✐✈✐♥❣ t❤❡ ❡❝♦♥♦♠②✳ ■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤
✐ts ♥❡✐❣❤❜♦r ❝♦✉♥tr✐❡s ✭❢♦r ✐♥st❛♥❝❡ ❆❢❣❤❛♥✐st❛♥✱ ❇❛♥❣❧❛❞❡s❤✱ P❛❦✐st❛♥ ❛♥❞ ❙r✐ ▲❛♥❦❛✮
■♥❞✐❛✬s ♣❡r❢♦r♠❛♥❝❡ ✐♥ ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❈♦✈✐❞✲✶✾ s♣r❡❛❞ ✐s ♥♦t ✈❡r② s❛t✐s❢❛❝t♦r②✳ ❋✐❣✉r❡
✶✳✶❛ ♣r❡s❡♥ts t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❝❛s❡s s✐♥❝❡ t❤❡② ✜rst r❡♣♦rt❡❞ t❤❡✐r ✺✵t❤ ❝❛s❡ ✇❤✐❧❡
❋✐❣✉r❡ ✶✳✶❜ r❡♣r❡s❡♥ts t❤❡ r❛t✐♦ ♦❢ ❞❡❛t❤ t♦ ❝✉♠✉❧❛t✐✈❡ ♥✉♠❜❡r ♦❢ ❝♦♥✜r♠❡❞ ❝❛s❡s ✐♥
■♥❞✐❛ ❛♥❞ ✐ts ♥❡✐❣❤❜♦r ❝♦✉♥tr✐❡s✳✷ ■♠♠❡♥s❡ ❞✐✛❡r❡♥❝❡s ❡①✐st ✇✐t❤✐♥ t❤❡ st❛t❡s ❛s ✇❡❧❧✳
❲❤✐❧❡ ❑❡r❛❧❛ ✐s ❛❜❧❡ t♦ ✢❛tt❡♥ t❤❡ ❝✉r✈❡ ♦❢ ❝❛s❡s✱ st❛t❡s ❧✐❦❡ ▼❛❤❛r❛s❤tr❛✱ ●✉❥❛r❛t✱ ❉❡❧❤✐✱
❛♥❞ ❚❛♠✐❧ ◆❛❞✉ ❤❛✈❡ ❡①♣❡r✐❡♥❝❡❞ ❛♥ ✉♣✇❛r❞ s❤♦♦t ✐♥ ❝❛s❡s✳
✭❛✮ ▲♦❣❛r✐t❤♠ ♦❢ t❤❡ t♦t❛❧ ❝♦♥✜r♠❡❞ ❝❛s❡s ♦❢
❈♦✈✐❞✲✶✾ t✐❧❧ ✷✺t❤ ▼❛②✱ ✷✵✷✵✳
✭❜✮ ❘❛t✐♦ ♦❢ ❞❡❛t❤ t♦ t♦t❛❧ ❝♦♥✜r♠❡❞ ❝❛s❡s ✭✐♥ ♣❡r✲
❝❡♥t✮ ♦❢ ❈♦✈✐❞✲✶✾ t✐❧❧ ✷✺t❤ ▼❛②✱ ✷✵✷✵✳
❙♦✉r❝❡✿ ❈♦♠♣✉t❡❞ ✉s✐♥❣ ❖✉r ❲♦r❧❞ ✐♥ ❉❛t❛ ✇❡❜s✐t❡✳
❋✐❣✉r❡ ✶✳✶
❇❡❝❛✉s❡ ♦❢ t❤❡ s✉❞❞❡♥ ✐♠♣♦s✐t✐♦♥ ♦❢ ❧♦❝❦❞♦✇♥ ❜② t❤❡ ❝❡♥tr❛❧ ❣♦✈❡r♥♠❡♥t✱ t❤❡ s✉♣♣❧② ❝❤❛✐♥
♦❢ t❤❡ ❡❝♦♥♦♠② ❜r♦❦❡ ❞♦✇♥✳ ❚❤❡ ✉r❜❛♥ ♣♦♦r ❛♥❞ t❤❡ ♠✐❣r❛♥t ✇♦r❦❡rs ❛r❡ ❧❡❢t ✇✐t❤ ♥❡✐t❤❡r
✇♦r❦ ♥♦r ❢♦♦❞✳ ❲✐t❤ ♥♦ tr❛♥s♣♦rt❛t✐♦♥ ❢❛❝✐❧✐t✐❡s ❛✈❛✐❧❛❜❧❡✱ ♠✐❣r❛♥t ✇♦r❦❡rs ❛r❡ ❧❡❢t ✇✐t❤
✶❚❤❡ ✈❡r② ❧❛st ❙ ✐♥❞✐❝❛t❡s t❤❛t t❤❡r❡ ✐s ❛ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ♠❛② r❡❡♥t❡r t❤❡
s✉s❝❡♣t✐❜❧❡ ❣r♦✉♣ ❛❣❛✐♥✳ ❙❡❡ ❍✐rs❝❤ ❡t✳ ❛❧✳ ✭✷✵✵✹✮ ❢♦r t❤❡ ❜❛s✐❝ ❙■❘✭❙✮ ♠♦❞❡❧✳ ❆❧s♦ s❡❡ ❑❡r♠❛❝❦ ❛♥❞
▼❝❑❡♥❞r✐❝❦ ✭✶✾✷✼✮✱ ❇❛r❛✉♥ ✭✶✾✽✸✱ ♣♣✳ ✹✺✻✲✹✻✸✮✱ ▼✉rr❛② ✭✷✵✵✷✱ ♣♣✳ ✸✶✺✲✸✷✼✮✳
✷❇❛s✉ ❛♥❞ ❙r✐✈❛st❛✈❛ ✭✷✵✷✵❛✱ ✷✵✷✵❜✱ ✷✵✷✵❝✮ ❛♥❛❧②③❡ t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♠❛❥♦r ❙♦✉t❤ ❆s✐❛♥
♥❛t✐♦♥s ✐♥ ❛❞❞r❡ss✐♥❣ t❤❡ ♣✉❜❧✐❝ ❤❡❛❧t❤ ❛s ✇❡❧❧ ❛s ❡❝♦♥♦♠✐❝ r❡♣❡r❝✉ss✐♦♥ ♦❢ t❤❡ ❈♦✈✐❞✲✶✾ ♣❛♥❞❡♠✐❝✳ ❲❡
❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s ❇❛s✉ ❛♥❞ ❙r✐✈❛st❛✈❛ ✭✷✵✷✵❛✮ ❢♦r ❝♦♥str✉❝t✐♥❣ ❋✐♥❣✉r❡s ✶✳✶❛ ✫ ✶✳✶❜✳
✷
t❤❡ ♦♥❧② ♦♣t✐♦♥ ♦❢ ✇❛❧❦✐♥❣ ❜❛❝❦ t♦ t❤❡✐r ♥❛t✐✈❡ ♣❧❛❝❡s✳ ❙♦ ❢❛r ♥♦ s❛t✐s❢❛❝t♦r② ❣♦✈❡r♥♠❡♥t
♠❡❛s✉r❡ ❤❛s ❜❡❡♥ t❛❦❡♥ ❢♦r t❤❡s❡ ♠✐❣r❛♥t ✇♦r❦❡rs✲ ♥♦t ❡✈❡♥ ♣r♦♣❡r ❞✐str✐❜✉t✐♦♥ ♦❢ ❢♦♦❞
❤❛✈❡ ❜❡❡♥ ❛rr❛♥❣❡❞ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t s✉✣❝✐❡♥t st♦❝❦ ♦❢ ❢♦♦❞ ❣r❛✐♥s ✐s ❛✈❛✐❧❛❜❧❡ ✇✐t❤
t❤❡ ❝❡♥tr❡✳ ❚♦t❛❧ st♦❝❦ ♦❢ ❢♦♦❞ ❣r❛✐♥s ✐♥ t❤❡ ❈❡♥tr❛❧ P♦♦❧ ✐s ✺✻✳✾✸✾ ♠✐❧❧✐♦♥ ♠❡tr✐❝ t♦♥
✭▼▼❚✮ ♦✉t ♦❢ ✇❤✐❝❤ ✷✹✳✼ ▼▼❚ ✐s ✇❤❡❛t ❛♥❞ ✸✷✳✷✸✾ ▼▼❚ ✐s r✐❝❡✳ ❚❤❡s❡ ❛r❡ s✉❜st❛♥t✐❛❧❧②
❤✐❣❤❡r t❤❛♥ t❤❡ ❢♦♦❞ ❣r❛✐♥ st♦❝❦✐♥❣ ♥♦r♠s ♦❢ ✷✶✳✵✹✵ ▼▼❚ ❢♦r t❤❡ q✉❛rt❡r ❜❡❣✐♥♥✐♥❣ ❢r♦♠
✶st ❆♣r✐❧✱ ✷✵✷✵✳✸
❆s t❤❡ P❡r✐♦❞✐❝ ▲❛❜♦✉r ❋♦r❝❡ ❙✉r✈❡② ♦❢ ✷✵✶✼✲✶✽ s❤♦✇s✱ ✉♥❡♠♣❧♦②♠❡♥t r❛t❡s ✐♥ ■♥❞✐❛
st♦♦❞ ❛t ✉♥♣r❡❝❡❞❡♥t❡❞❧② ❤✐❣❤ ❧❡✈❡❧s ❢♦r ❜♦t❤ t❤❡ ✉r❜❛♥ ❛s ✇❡❧❧ ❛s t❤❡ r✉r❛❧ s❡❝t♦r ❛♥❞
❛❝r♦ss ❣❡♥❞❡r ❡✈❡♥ ❜❡❢♦r❡ t❤❡ st❛rt ♦❢ ❈♦✈✐❞✶✾ s♣r❡❛❞✳ ❚❤❡ ▼❙▼❊s ✭♠✐❝r♦✱ s♠❛❧❧ ❛♥❞
♠❡❞✐✉♠ ❡♥t❡r♣r✐s❡s✮ ❛r❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t s❡❝t♦r ♦❢ t❤❡ ❡❝♦♥♦♠② ❛♥❞ ❝♦♥tr✐❜✉t❡
❛❜♦✉t ✸✵✪ ♦❢ t❤❡ ❝♦✉♥tr②✬s ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ✭●❉P✮✱ ✹✵✪✕✹✺✪ ♦❢ ❡①♣♦rts✱ ❛♥❞
❡♠♣❧♦② ❛❜♦✉t ✸✵✪ ♦❢ t❤❡ ❧❛❜♦✉r ❢♦r❝❡ ✭❛❜♦✉t ✶✶✹ ♠✐❧❧✐♦♥ ♣❡♦♣❧❡✮✳ ❆❜♦✉t ✻✸ ♠✐❧❧✐♦♥
✉♥✐♥❝♦r♣♦r❛t❡❞ ▼❙▼❊s ❛r❡ ❡♥❣❛❣❡❞ ✐♥ t❤❡ ♥♦♥✲❛❣r✐❝✉❧t✉r❛❧ s❡❝t♦r✱ t❤❡ ♠❛❥♦r✐t② ♦❢ ✇❤✐❝❤
❛r❡ ♠✐❝r♦✲❡♥t❡r♣r✐s❡s ✐♥ t❤❡ ✐♥❢♦r♠❛❧ s❡❝t♦r✳✹ ❚❤❡ ▼❙▼❊s ✇❡r❡ ❛❧r❡❛❞② ✐♥❝✉rr✐♥❣ ❜✉s✐♥❡ss
❧♦ss❡s ❛♥❞ ❧✐q✉✐❞✐t② ♣r♦❜❧❡♠s ♠✉❝❤ ❜❡❢♦r❡ t❤❡ ❧♦❝❦❞♦✇♥ ♦✇✐♥❣ t♦ ✐♥s✉✣❝✐❡♥t ❝r❡❞✐t✱ ❞❡❧❛②s
✐♥ ♣❛②♠❡♥ts ❛♥❞ ✉♥s♦❧❞ ❣♦♦❞s✳✺ ❉❡s♣✐t❡ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ ❛ ❢❡✇ ♠❡❛s✉r❡s ❜② t❤❡
❣♦✈❡r♥♠❡♥t ✏❛ s✉r✈❡② ♦❢ ✺✱✵✵✵ ▼❙▼❊s ❜② t❤❡ ❆❧❧ ■♥❞✐❛ ▼❛♥✉❢❛❝t✉r❡rs ❖r❣❛♥✐s❛t✐♦♥
✭❆■▼❖✮ r❡✈❡❛❧❡❞ t❤❛t ✼✶✪ ♦❢ t❤❡ ❡♥t❡r♣r✐s❡s ❝♦✉❧❞ ♥♦t ♣❛② s❛❧❛r✐❡s t♦ t❤❡✐r ✇♦r❦❡rs ❢♦r
▼❛r❝❤ ✷✵✷✵ ❞✉❡ t♦ t❤❡ ❧♦❝❦❞♦✇♥✑✳✻
❘❛t❡ ♦❢ ■♥✈❡st♠❡♥t ❂ r❛t✐♦ ♦❢ ❣r♦ss ❝❛♣✐t❛❧ ❢♦r♠❛t✐♦♥ t♦ t❤❡ ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧ st♦❝❦✳
❙♦✉r❝❡✿ ❆♥♥✉❛❧ ❙✉r✈❡② ♦❢ ■♥❞✉str✐❡s ✷✵✶✼✕✶✽✱ ❛✉t❤♦r✬s ❝❛❧❝✉❧❛t✐♦♥s✳
❋✐❣✉r❡ ✶✳✷✿ ❘❛t❡ ♦❢ ■♥✈❡st♠❡♥t ✐♥ ■♥❞✐❛♥ ■♥❞✉str✐❡s s✐♥❝❡ ✶✾✾✶✲✾✷
✸▼♦♥t❤❧② s✉♠♠❛r② ❢♦r t❤❡ ♠♦♥t❤ ♦❢ ▼❛r❝❤✱ ✷✵✷✵❀ ❉❡♣❛rt♠❡♥t ♦❢ ❋♦♦❞ ❛♥❞ P✉❜❧✐❝ ❉✐str✐❜✉t✐♦♥
✹❯s✐♥❣ ❛ str✉❝t✉r❛❧✐st ✉r❜❛♥ ❞✉❛❧ ❡❝♦♥♦♠② ♠♦❞❡❧ ❢♦r ❛ ❞❡✈❡❧♦♣✐♥❣ ❡❝♦♥♦♠②✱ ❚❤❛❦✉r ❛♥❞ ●✉❤❛ ✭✷✵✶✾✮
❛r❣✉❡ t❤❛t t❤❡ ✐♥❢♦r♠❛❧ s❡❝t♦r ✐♥ ■♥❞✐❛✱ r❛t❤❡r t❤❛♥ ❜❡✐♥❣ ❥✉st ❛ ❜②✲♣r♦❞✉❝t ♦❢ t❤❡ ❢♦r♠❛❧ s❡❝t♦r✱ ♣❧❛②s ❛
❝r✉❝✐❛❧ r♦❧❡ ✐♥ s✉st❛✐♥✐♥❣ ❛ ❝❡rt❛✐♥ ❦✐♥❞ ♦❢ ✉r❜❛♥ ❞②♥❛♠✐❝s ✇❤✐❝❤ ❡♥s✉r❡s ♣❡rs✐st❡♥❝❡ ♦❢ ❢♦r♠❛❧✕✐♥❢♦r♠❛❧
❞✉❛❧✐t②✳
✺❊P❲ ❡❞✐t♦r✐❛❧s ✭✷✵✷✵✮
✻❊P❲ ❡❞✐t♦r✐❛❧s ✭✷✵✷✵✮
✸
❘❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ ❂
{(
NV A
K
)
/
(
NV A
K
)
❛t ✷✵✵✼✲✵✽
}
∗ 100❀ NV A ✐s t❤❡ ♥❡t ✈❛❧✉❡
❛❞❞❡❞ ❛♥❞ K t❤❡ ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧ st♦❝❦✳ ❆s NV A
K
✇❛s ❛t ✐ts ♣❡❛❦ ✐♥ ✷✵✵✼✕✵✽✱ ✇❡ ❞✐✈✐❞❡
t❤❡ ◆❱❆ t♦ ❑ r❛t✐♦ ❜② ✐t✳
❘❛t❡ ♦❢ ❝❛♣❛❝✐t② ✉t✐❧✐③❛t✐♦♥ t❤r♦✉❣❤ ❍P tr❡♥❞ ❂
(
NV A
NV A♣♦t❡♥t✐❛❧
)
∗ 100❀ ♣♦t❡♥t✐❛❧ NV A❂
❍♦❞r✐❝❦✕Pr❡s❝♦tt tr❡♥❞ ♦❢ ❛♥♥✉❛❧ NV A✱ ♦❜t❛✐♥❡❞ ✇✐t❤ ❛ s♠♦♦t❤✐♥❣ ♣❛r❛♠❡t❡r ♦❢ ✶✵✵✳
❙♦✉r❝❡✿ ❆♥♥✉❛❧ ❙✉r✈❡② ♦❢ ■♥❞✉str✐❡s ✷✵✶✼✕✶✽✱ ❛✉t❤♦r✬s ❝❛❧❝✉❧❛t✐♦♥s✳
❋✐❣✉r❡ ✶✳✸✿ ❘❛t❡ ♦❢ ■♥✈❡st♠❡♥t ✐♥ ■♥❞✐❛♥ ■♥❞✉str✐❡s s✐♥❝❡ ✶✾✾✶✲✾✷
❆♥♦t❤❡r ✐ss✉❡ ♣❧❛❣✉✐♥❣ t❤❡ ■♥❞✐❛♥ ❡❝♦♥♦♠② t❤r♦✉❣❤ ♦✉t t❤✐s ❞❡❝❛❞❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s
❞❡t❡r✐♦r❛t✐♦♥ ✐♥ t❤❡ ❣r♦ss ✐♥✈❡st♠❡♥t r❛t❡ ✐♥ ■♥❞✐❛♥ ✐♥❞✉str✐❡s ❢r♦♠ ✷✵✶✵✲✶✶ ✭s❡❡ ❋✐❣✉r❡
✶✳✷✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡r❡ ✐s ❛♥ ✉♥✐♥t❡rr✉♣t❡❞ s❧♦✇❞♦✇♥ ✐♥ t❤❡ ◆❡t ❱❛❧✉❡ ❆❞❞❡❞ ✭◆❱❆✮
t♦ ❝❛♣✐t❛❧ st♦❝❦ r❛t✐♦ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ st❛❣♥❛♥t ❛❝t✉❛❧ t♦ ♣♦t❡♥t✐❛❧ ◆❱❆ s✐♥❝❡
✷✵✵✼✲✵✽ ✭s❡❡ ❋✐❣✉r❡ ✶✳✸✮✳ ❆ ②❡❛r✲♦♥✲②❡❛r ❝♦♠♣❛r✐s♦♥ ♦❢ ❛❣r✐❝✉❧t✉r❛❧ ❣r♦✇t❤✱ ❛s ❆♥❛♥❞ ❛♥❞
❆③❛❞ ✭✷✵✶✾✮ ♣♦✐♥ts ♦✉t ✉s✐♥❣ q✉❛rt❡r❧② ❞❛t❛✱ ❡①❤✐❜✐ts ❛ str✐❦✐♥❣ ❞❡❝❧✐♥❡ s✐♥❝❡ ✷✵✶✻✕✶✼✳
❚❤❡ st♦r② ✐s ♥♦t s❛t✐s❢❛❝t♦r② ✐♥ t❤❡ ❤❡❛❧t❤ s❡❝t♦r ❡✐t❤❡r✳ ❋♦r ❧❛st t✇♦ ❞❡❝❛❞❡s✱ t❤❡ t♦t❛❧
❤❡❛❧t❤ ❡①♣❡♥❞✐t✉r❡ ♥❡✈❡r ❡①❝❡❡❞❡❞ ❜❡②♦♥❞ ✹✳✷✻ ♣❡r❝❡♥t ♦❢ ●❉P✳ ■t ❝♦♥st✐t✉t❡❞ ❛ ♠❡r❡❧②
✸✳✺✸ ♣❡r❝❡♥t ♦❢ ●❉P ✐♥ ✷✵✶✼✳ ❖✉t✲♦❢✲♣♦❝❦❡t ❡①♣❡♥❞✐t✉r❡ ✐♥ ✷✵✶✼ ✇❛s ✻✷✳✹ ♣❡r❝❡♥t ♦❢
t❤❡ t♦t❛❧ ❤❡❛❧t❤ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ✷✳✷ ♣❡r❝❡♥t ♦❢ ●❉P✳ ●♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ♦♥ ❤❡❛❧t❤
✐♥ ✷✵✶✼ ✇❛s ♦♥❧② ✵✳✾✻ ♣❡r❝❡♥t ♦❢ ●❉P✳ ❚❤❡ ❞♦❝t♦r✲♣❛t✐❡♥t r❛t✐♦ ✐♥ ■♥❞✐❛ ✐s ♠✉❝❤ ❧♦✇❡r
✭✵✳✽✿✶✵✵✵✮ t❤❛♥ t❤❡ ❲❍❖ r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ✶✿✶✵✵✵✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ♠❡r❡❧② ✵✳✼
❤♦s♣✐t❛❧✲❜❡❞s ❛r❡ ❛✈❛✐❧❛❜❧❡ ♣❡r ✶✵✵✵ ♣♦♣✉❧❛t✐♦♥✳✼ ❖♥❧② ✺✾✳✺✺ ♣❡r❝❡♥t ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥
❤❛✈❡ t❤❡ ❤❛♥❞✲✇❛s❤✐♥❣ ❢❛❝✐❧✐t②✳✽
❋♦❝✉s✐♥❣ ♦♥ t❤❡ s❤♦rt r✉♥✱ ✇❡ tr② t♦ ❡①♣❧♦r❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❛♥❞ t❤❡ ✐♥❢❡❝t✐♦♥ ♦❢ t❤❡ ❞✐s❡❛s❡✳ ❖✉r ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ✐s ❞✐✈✐❞❡❞
✐♥t♦ t✇♦ ♣❛rts✿ ✜rst ♣❛rt ✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t ♦♥❝❡ ❛ ♣❡rs♦♥ ✐s r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡
✼❲♦r❧❞ ❇❛♥❦ ❉❛t❛
✽❖✉r ❲♦r❧❞ ✐♥ ❉❛t❛ ✇❡❜s✐t❡
✹
❞✐s❡❛s❡ ✐♠♠❡❞✐❛t❡❧② ❡♥t❡rs t❤❡ ♣♦♦❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❤❡r❡
♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ❡♥t❡r t❤❡ ♣♦♦❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s✳
❲❡ ❛ss✉♠❡ t❤❛t ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✉s❝❡♣t✐❜❧❡ ❛♥❞ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s
t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡ ✐♥❝r❡❛s❡s✳ ❊❝♦♥♦♠✐❝ ❛❝t✐✈✐t②
✐s ❛ ♠❛❥♦r s✐t❡ ❢♦r s♣r❡❛❞ ♦❢ ✐♥❢❡❝t✐♦♥ ❛s ✐♥❢❡❝t❡❞ ♣❡rs♦♥s ♠❛② ♣r❡s❡♥t t❤❡♠s❡❧✈❡s ❛s
❛s②♠♣t♦♠❛t✐❝ ❛♥❞ ❝♦♥t✐♥✉❡ t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✇❤❡r❡ t❤❡② ✐♥t❡r❛❝t ✇✐t❤
s✉s❝❡♣t✐❜❧❡ ♣❡rs♦♥s✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ❡✛❡❝t ♦❢ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✱ ✇❡ ❛ss✉♠❡ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ✐♥❝r❡❛s❡s ♣r♦♣♦rt✐♦♥❛t❡❧② ✇✐t❤ t❤❡ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t✳ ❆t t❤❡ s❛♠❡
t✐♠❡✱ ✐♥❢❡❝t✐♦♥ ❛❧s♦ ❝r❡❛t❡s ♣❛♥✐❝ ❛♠♦♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❢♦r❝❡ t❤❡♠ t♦ ❝✉t ❞♦✇♥ t❤❡✐r
s♣❡♥❞✐♥❣ ♦♥ ♥♦♥✲❡ss❡♥t✐❛❧ ❝♦♠♠♦❞✐t✐❡s✱ ❛♥❞ s✐♠✐❧❛r❧② ❞❛♠♣❡♥s t❤❡ ❛♥✐♠❛❧ s♣✐r✐ts ♦❢ t❤❡
✐♥✈❡st♦rs✳ ❚♦ ✐♥❝♦r♣♦r❛t❡ t❤❡s❡ ❡✛❡❝ts✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✐s
♥❡❣❛t✐✈❡❧② ❛✛❡❝t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❯♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ✇❡
✜♥❞ ❛ ♥♦♥✲❝♦♥✈❡♥t✐♦♥❛❧ r❡s✉❧t t❤❛t ❛ ❝♦♥tr❛❝t✐♦♥❛r② ✜s❝❛❧ ♣♦❧✐❝② ♠❛② ❤❡❧♣ t♦ r❡❞✉❝❡
t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ♠❛② ✐♠♣r♦✈❡ t❤❡ ❡❝♦♥♦♠② s❧✐❣❤t❧②✳ ❍♦✇❡✈❡r✱
❛s ✇❡ s❤♦✇✱ ✐t ♠❛② ✐♥❝r❡❛s❡ t❤❡ ❢r❛❣✐❧✐t② ✐♥ t❤❡ s②st❡♠ ❛♥❞ ❛ ❢✉rt❤❡r ❝♦♥tr❛❝t✐♦♥❛r②
✜s❝❛❧ ♣♦❧✐❝② ♠❛② ❝r❡❛t❡ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ ❡♥t✐r❡ s②st❡♠✳ ❘❛t❤❡r✱ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡
✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❛❧♦♥❣ ✇✐t❤ s♦♠❡ ♣r♦❜❛❜❧❡ ♠❡❛s✉r❡s s✉❝❤ ❛s ❛❞❡q✉❛t❡ ✐s♦❧❛t✐♦♥✱ ❛❞❡q✉❛t❡
♠❡❞✐❝❛❧ ❝❛r❡✱ ♣✉❜❧✐❝ ❤❡❛❧t❤ ✈✐❣✐❧❛♥❝❡ ❛♥❞ ❝♦♥tr♦❧✱ ♠❛ss✲s❝❛❧❡ t❡st✐♥❣ ❛♥❞ s❡❣r❡❣❛t✐♥❣ t❤❡
✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❢r♦♠ ♦t❤❡rs✱ ❛ ❧❛r❣❡ s❝❛❧❡ ✉s❡ ♦❢ PP❊ ✭P❡rs♦♥❛❧ Pr♦t❡❝t✐✈❡ ❊q✉✐♣♠❡♥t✮
❡t❝✳ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❡❝♦♥♦♠✐❝ s✐t✉❛t✐♦♥✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❢❛❧❧s✱ ❛♥ ❡♥❞♦❣❡♥♦✉s
❝②❝❧❡ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧ ♠❛② ❡♠❡r❣❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✳
❆ r✐❝❤❡r ❞②♥❛♠✐❝s ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t ✐♥st❡❛❞ ♦❢ ❛❧❧ t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✲
✉❛❧s ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡♠ ❜❡❝♦♠❡ s✉s❝❡♣t✐❜❧❡ t♦ ❝♦♥tr❛❝t✐♥❣ t❤❡ ✐♥❢❡❝t✐♦♥ ❛❣❛✐♥✳ ❲❡
s❤♦✇ t❤❛t ❛ ✈❡r② ❤✐❣❤ r❛t❡ ♦❢ ✐♥❢❡❝t✐♦♥ ♦r ❛ ✈❡r② ❧♦✇ r❡❝♦✈❡r② r❛t❡ ❝❛♥ ❞❡st❛❜✐❧✐③❡ t❤❡
s②st❡♠✳ ❲❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r t❤❡ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ♣❡r♣❡t✉❛❧ ❝②❝❧❡s ♦❢ ✐♥❢❡❝t❡❞
✐♥❞✐✈✐❞✉❛❧s✱ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧ ❝❛♥ ❡♠❡r❣❡ ✐♥ t❤❡ t❤r❡❡
❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ♦r ♥♦t✳ ❙♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t✱ ✉♥❞❡r
❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✱ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❢♦r ❡♥s✉r✐♥❣ st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠✳ ❲❡
s❤♦✇ t❤❛t ❛ ❜❡tt❡r ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ❛♥❞ ❛ r✐s❡ ✐♥ t❤❡ r❡❝♦✈❡r② r❛t❡ ❢r♦♠ t❤❡ ❞✐s❡❛s❡
r❛✐s❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s✱ ✇❤❡r❡❛s
t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❢❛❧❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ♦♥ t❤❡ ❡q✉✐✲
❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ✐s ❛♠❜✐❣✉♦✉s✳ ❍♦✇❡✈❡r✱ ❛ ♣r♦♣❡r ♣♦❧✐❝②✲♠✐① ♦❢ ❛ ✜s❝❛❧ ❡①♣❛♥s✐♦♥
❛❧♦♥❣ ✇✐t❤ ❛❧❧ t❤❡ ♠❡❛s✉r❡s t❤❛t ❡♥s✉r❡s ❛ ❜❡tt❡r ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ❛♥❞ ❛ r✐s❡ ✐♥ t❤❡
r❡❝♦✈❡r② r❛t❡ ❝❛♥ ❧❡❛❞ t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ st❡❛❞② st❛t❡ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ❛♥❞ ❛ ❢❛❧❧ ✐♥ t❤❡
❧❡✈❡❧ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳
❚❤❡r❡ ❛r❡ ❛❧r❡❛❞② ❛ ❢❡✇ ♣❛♣❡rs t❤❛t ❡①t❡♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ❙■❘ ♠♦❞❡❧ t♦ ✉♥❞❡rst❛♥❞ t❤❡
❡❝♦♥♦♠✐❝ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❈♦✈✐❞✲✶✾✳ ❊✐❝❤❡♥❜❛✉♠✱ ❘❡❜❡❧♦ ❛♥❞ ❚r❛❜❛♥❞t ✭✷✵✷✵✮ ✐♥✈❡st✐✲
✺
❣❛t❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❝♦♥♦♠✐❝ ❞❡❝✐s✐♦♥s ✭s✉❝❤ ❛s ♣✉r❝❤❛s✐♥❣ ❝♦♥s✉♠♣t✐♦♥ ❣♦♦❞s
❛♥❞ ✇♦r❦✐♥❣✮ ❛♥❞ ❡♣✐❞❡♠✐❝s✳ ❚❤❡ ❡♣✐❞❡♠✐❝✱ ❛s t❤❡② ❛r❣✉❡✱ ❣❡♥❡r❛t❡s ❜♦t❤ t❤❡ s✉♣♣❧② ❛s
✇❡❧❧ ❛s t❤❡ ❞❡♠❛♥❞ ❡✛❡❝ts ♦♥ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✇❤✐❝❤ ✐♥ t✉r♥ ❝❛♥ ❣❡♥❡r❛t❡ ❛ ❧❛r❣❡ ❛♥❞
♣❡rs✐st❡♥t r❡❝❡ss✐♦♥✳ ❆s t❤❡ ❡❝♦♥♦♠✐❝ ❛❣❡♥ts ❛r❡ ❛t♦♠✐st✐❝✱ t❤❡② ❞♦ ♥♦t ✐♥t❡r♥❛❧✐③❡ t❤❡
✐♠♣❛❝t ♦❢ t❤❡✐r ❛❝t✐♦♥s ♦♥ t❤❡ ✐♥❢❡❝t✐♦♥ ❛♥❞ ❞❡❛t❤ r❛t❡s ♦❢ ♦t❤❡r ❛❣❡♥ts ❛♥❞ t❤❡r❡❢♦r❡
t❤❡ ❝♦♠♣❡t✐t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡✐r ♠♦❞❡❧ ❡❝♦♥♦♠② ✐s ♥♦t P❛r❡t♦ ♦♣t✐♠❛❧✳ ❇❡t❤✉♥❡ ❛♥❞
❑♦r✐♥❡❦ ✭✷✵✷✵✮ ❛♥❛❧②③❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❡❝♦♥♦♠✐❝ ❝♦sts ❛♥❞ ❡♣✐❞❡♠✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧
❛♥❞ t❤❡ ❡①t❡r♥❛❧✐t✐❡s t❤❛t ❛r✐s❡ ✇❤❡♥ s♦❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ✐♥t❡r❛❝t✐♦♥s tr❛♥s♠✐t ✐♥❢❡❝t✐♦✉s
❞✐s❡❛s❡s ❧✐❦❡ ❈♦✈✐❞✲✶✾✳ ❇❛s❡❞ ♦♥ ❛ ❙■❙ ♠♦❞❡❧ t❤❡② ❛r❣✉❡ t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧
s✉s❝❡♣t✐❜❧❡ ❛❣❡♥ts r❛t✐♦♥❛❧❧② r❡❞✉❝❡ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡✐r ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❢♦r r❡❞✉❝t✐♦♥ ♦❢
t❤❡ r✐s❦ ♦❢ ✐♥❢❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ r❛t✐♦♥❛❧ ✐♥❢❡❝t❡❞ ❛❣❡♥ts✱ r❡❝♦❣♥✐③✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡②
❤❛✈❡ ♥♦t❤✐♥❣ t♦ ❧♦s❡ ❢r♦♠ ❢✉rt❤❡r s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥✱ ❞♦ ♥♦t ✐♥t❡r♥❛❧✐③❡ t❤❡ s♦❝✐❛❧ ❝♦st t❤❡②
✐♠♣♦s❡ ♦♥ ♦t❤❡rs✳ ❲❤✐❧❡ t❤❡ ❞❡❝❡♥tr❛❧✐③❡❞ ❙■❙ ❡❝♦♥♦♠② ❝♦♥✈❡r❣❡s t♦ ❛ st❡❛❞② st❛t❡ ✐♥
✇❤✐❝❤ t❤❡ ❞✐s❡❛s❡ ✐s ❡♥❞❡♠✐❝✱ t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❛s ✐t ✐♥t❡r♥❛❧✐③❡s t❤❡ ✐♥❢❡❝t✐♦♥ ❡①t❡r♥❛❧✲
✐t✐❡s✱ ❜② ✐♥❞✉❝✐♥❣ ✐♥❢❡❝t❡❞ ❛❣❡♥ts t♦ r❡❞✉❝❡ t❤❡✐r ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❧♦✇❡rs t❤❡ s♣r❡❛❞ ♦❢
t❤❡ ❞✐s❡❛s❡✳ ❊①t❡♥❞✐♥❣ t❤❡ ❛♥❛❧②s✐s ✐♥t♦ ❛ ❙■❘❙ ♠♦❞❡❧ t❤❡② ✜♥❞ s✐♠✐❧❛r ❦✐♥❞ ♦❢ r❡s✉❧t✳
❈♦♥s✐❞❡r✐♥❣ ❛ ♣❧❛♥♥❡r ✇❤♦ ✇❛♥ts t♦ ❝♦♥tr♦❧ t❤❡ ❢❛t❛❧✐t✐❡s ♦❢ ❛ ♣❛♥❞❡♠✐❝ ❛♥❞ ♠✐♥✐♠✐③❡
t❤❡ ♦✉t♣✉t ❝♦sts ♦❢ t❤❡ ❧♦❝❦❞♦✇♥✱ ❆❧✈❛r❡③ ❡t ❛❧✳ ✭✷✵✷✵✮ ❛♥❛❧②③❡ t❤❡ ♦♣t✐♠❛❧ ❧♦❝❦❞♦✇♥
♣♦❧✐❝② ✐♥ ❛ ❙■❘ ♠♦❞❡❧✳
❍♦✇❡✈❡r✱ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣❛♣❡rs✱ ✉♥❧✐❦❡ ♦✉rs✱ ❞♦ ♥♦t ❛❞❡q✉❛t❡❧② ❢♦❝✉s ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ ❞❡♠❛♥❞ ❞②♥❛♠✐❝s ❛♥❞ s♣r❡❛❞ ♦❢ ❈♦✈✐❞✲✶✾✳✾ ❈❧♦s❡st t♦ ♦✉r ❛♣♣r♦❛❝❤ ✐s t❤❛t
♦❢ ❘❛③♠✐ ✭✷✵✷✵✮✳ ❍♦✇❡✈❡r✱ ♦✉r ♠♦❞❡❧✐♥❣ str❛t❡❣② ✐s ❞✐✛❡r❡♥t ❢r♦♠ ❤✐♠✳ ■♥❝♦r♣♦r❛t✐♥❣
♠❛❝r♦❡❝♦♥♦♠✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ ❛ ❙■ ✭❙✉s❝❡♣t✐❜❧❡✲■♥❢❡❝t❡❞✮ ♠♦❞❡❧ ♦❢ ✐♥❢❡❝t✐♦✉s ❞✐s❡❛s❡s✱
❘❛③♠✐ ✭✷✵✷✵✮ ❛♥❛❧②③❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡❝♦♥♦♠✐❝s ❛♥❞ ❡♣✐❞❡♠✐♦❧♦❣②✳ ❍✐s
❢♦❝✉s ✐s ♦♥❧② ♦♥ t❤❡ ❡♠♣❧♦②❡❞ ✇♦r❦❡rs✳ ■♥ ❡❛❝❤ ♣❡r✐♦❞ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♥❡✇ ✇♦r❦❡rs ✇❤♦
❡♥t❡r ✐♥t♦ t❤❡ ✇♦r❦❢♦r❝❡ ❛r❡ ✐♥❢❡❝t❡❞ ✇❤✐❧❡ t❤❡ r❡st ❜❡❝♦♠❡ s✉s❝❡♣t✐❜❧❡✳ ❖✉t♣✉t ✐s ❞❡♠❛♥❞
❞❡t❡r♠✐♥❡❞ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②
❧❡❛❞s t♦ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s✳ ■♥ ❜♦t❤ t❤❡s❡ ❝❛s❡s ❛ ✉♥✐q✉❡ st❛❜❧❡ st❡❛❞②
st❛t❡ ❡①✐sts✳ ❖♥❝❡ t❤❡ ❝♦♥s✉♠❡r ✭❛♥❞ ✐♥✈❡st♠❡♥t✮ s❡♥t✐♠❡♥t ✐s ❛❧❧♦✇❡❞ t♦ ❞❡♣❡♥❞ ♦♥ t❤❡
st❛t❡ ♦❢ ✈✐r❛❧ s♣r❡❛❞✱ t❤❡ ✐♥st❛❜✐❧✐t② ♠❛② ❛r✐s❡ ✐♥ s②st❡♠✳ ❚❤❡♥✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ❝❡✐❧✐♥❣
♦♥ ❡♠♣❧♦②♠❡♥t✱ ❤❡ ✐♥❝♦r♣♦r❛t❡s t❤❡ s✉♣♣❧②✲s✐❞❡ ❝♦♥str❛✐♥t✳
■♥ ♦✉r ♠♦❞❡❧✱ ✉♥❧✐❦❡ ❘❛③♠✐ ✭✷✵✷✵✮✱ r❛t❤❡r t❤❛♥ ♦♥❧② ❡♠♣❧♦②❡❞ ✇♦r❦❡rs✱ ✇❡ ❞✐✈✐❞❡ t❤❡
❡♥t✐r❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦✉♥tr② ✐♥t♦ t❤❡ ❣r♦✉♣ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ✐♥❢❡❝t❡❞
♦♥❡✳ ❙❡❝♦♥❞✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s t❤❛t ❛❧❧♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡
❡q✉✐❧✐❜r✐❛ ❛♥❞ ♦♣❡♥s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✐♥st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠ ❡✈❡♥ ✇❤❡♥ t❤❡ ❝♦♥✜❞❡♥❝❡
✾❯s✐♥❣ ❛ ❝❧❛ss✐❝❛❧ ❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ✐♥❞✉❝❡❞ t❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡✱ ▼✐❝❤❧ ❛♥❞ ❚❛✈❛♥✐ ✭✷✵✷✵✮ st✉❞② t❤❡
❧♦♥❣✲r✉♥ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❡♠♣♦r❛r② s❤♦❝❦s s✉❝❤ ❛s ❈♦✈✐❞✲✶✾✳ ❍♦✇❡✈❡r t❤❡② ❞♦ ♥♦t ❡♠♣❧♦② t❤❡ ❙■❘✭❙✮
❢r❛♠❡✇♦r❦✳
✻
♦❢ t❤❡ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡ ❛♥✐♠❛❧ s♣✐r✐t ♦❢ t❤❡ ✐♥✈❡st♦rs ❛r❡ ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ st❛t❡ ♦❢
✈✐r❛❧ s♣r❡❛❞ ✭✇❡ ❞✐s❝✉ss t❤✐s ✐♥ ❆♣♣❡♥❞✐① ❆✳✶✮✳ ❚❤✐r❞✱ ✉♥❧✐❦❡ ❘❛③♠✐ ✭✷✵✷✵✮✱ ✉♥❞❡r ❝❡rt❛✐♥
❝♦♥❞✐t✐♦♥s✱ ❛♥ ❡♥❞♦❣❡♥♦✉s ❝②❝❧❡ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧ ✭✐✳❡✳ t❤❡
❧✐♠✐t ❝②❝❧❡✮ ❡♠❡r❣❡s ✐♥ t❤❡ s②st❡♠✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥✈❡rt t❤❡ ❙■✭❙✮ ♠♦❞❡❧ ✐♥t♦ ❛ ❙■❘✭❙✮
♠♦❞❡❧ ❛♥❞ ♦❜t❛✐♥ ❛ r✐❝❤❡r ❞②♥❛♠✐❝s✳
❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ s❡ts ✉♣ t❤❡ ❜❛s✐❝ ♠♦❞❡❧ ✇❤❡r❡ ✇❡ ❛ss✉♠❡
t❤❛t t❤❡r❡ ✐s ♥♦ ✭♦r ♥❡❣❧✐❣✐❜❧❡ ♥✉♠❜❡r ♦❢✮ r❡❝♦✈❡r❡❞ ♣❡♦♣❧❡ ❛♥❞ t❤❡ ❡❝♦♥♦♠② ✐s ♣✉r❡❧②
❞❡♠❛♥❞✲❝♦♥str❛✐♥❡❞✳ ❍♦✇❡✈❡r ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s r✐s❡s✱ ♣❡♦♣❧❡ st❛rt t♦
♣❛♥✐❝✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦♥s✉♠❡rs✬ ❜❡❤❛✈♦✐✉r ❛♥❞ t❤❡ ❛♥✐♠❛❧ s♣✐r✐ts ♦❢ ✐♥✈❡st♦rs ❛r❡ ❛✛❡❝t❡❞
❜② t❤❡ st❛t❡ ♦❢ ✐♥❢❡❝t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❡①t❡♥❞ t❤❡ ♠♦❞❡❧ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛ ♣♦s✐t✐✈❡
♥✉♠❜❡r ♦❢ r❡❝♦✈❡r❡❞ ♣❡♦♣❧❡ ✭❛ ❢r❛❝t✐♦♥ ♦❢ ✇❤♦♠ ❛❣❛✐♥ r❡t✉r♥s t♦ t❤❡ s✉s❝❡♣t✐❜❧❡ ❝❧❛ss✮✳
❙❡❝t✐♦♥ ✹ ❞✐s❝✉ss❡s ❡♠❡r❣❡♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳
❙❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s s♦♠❡ ♣♦❧✐❝② ♣r❡s❝r✐♣t✐♦♥s ❛♥❞ ♦✛❡rs s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳
✷ ❚❤❡ ▼♦❞❡❧
❖♥❡ ♦❢ t❤❡ s✐♠♣❧❡st ♠♦❞❡❧ ♦❢ ✐♥❢❡❝t✐♦✉s ❞✐s❡❛s❡s ❧✐❦❡ ♠❡❛s❧❡s✱ ♠❛❧❛r✐❛✱ ❝❤✐❝❦❡♥♣♦①✱ ♠✉♠♣s✱
s♠❛❧❧♣♦①✱ r✉❜❡❧❧❛✱ ✐♥✢✉❡♥③❛ ❛♥❞ s♦ ♦♥ ✐s t❤❡ ❙■❘ ♠♦❞❡❧✳ ■♥ t❤✐s ❦✐♥❞ ♦❢ ♠♦❞❡❧ t❤❡ ❡♥t✐r❡
♣♦♣✉❧❛t✐♦♥ (N) ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ❣r♦✉♣s ✇❤✐❝❤ ❛r❡ ♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ t♦ ❡❛❝❤ ♦t❤❡r✳
❚❤❡s❡ ❛r❡ ✭i✮ t❤❡ s✉s❝❡♣t✐❜❧❡ ❝❧❛ss (S) ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❤♦s❡ ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ ❛r❡ st✐❧❧
♥♦t ✐♥❢❡❝t❡❞✱ ❜✉t ❝❛♥ ❝❛t❝❤ t❤❡ ❞✐s❡❛s❡ ❛♥❞ ❜❡❝♦♠❡ ✐♥❢❡❝t❡❞❀ ✭ii✮ t❤❡ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s
✭I✮ ✇❤♦ ❤❛✈❡ t❤❡ ❞✐s❡❛s❡ ❛♥❞ ❝❛♥ tr❛♥s♠✐t ✐t❀ ❛♥❞ ✭iii✮ t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ✭R✮ ✇❤♦
✇❛s ✐♥❢❡❝t❡❞ ❜② t❤❡ ❞✐s❡❛s❡ ❛♥❞ ❤❛✈❡ r❡❝♦✈❡r❡❞✳
✭❛✮ ✇❤❡♥ t❤❡ ✇❤♦❧❡ R ✐♠♠❡❞✐✲
❛t❡❧② ❡♥t❡rs t❤❡ ♣♦♦❧ ♦❢ S
✭❜✮ ✇❤❡♥ ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ R ❡♥✲
t❡rs t❤❡ ♣♦♦❧ ♦❢ S ❛♥❞ t❤❡ r❡st
✭R(P )✮ ❞❡✈❡❧♦♣s ♣❡r♠❛♥❡♥t ✐♠✲
♠✉♥✐t②
❋✐❣✉r❡ ✷✳✶✿ ❙■❘✭❙✮ ♠♦❞❡❧
❲❤✐❧❡ ✐♥ ❝❛s❡ ♦❢ ♠♦st ♦❢ ♠❛♥② ❞✐s❡❛s❡s s✉❝❤ ❛s ♠❡❛s❧❡s ❛♥❞ s♠❛❧❧ ♣♦①✱ ♦♥❝❡ ❛♥ ✐♥❢❡❝t❡❞
♣❡rs♦♥ r❡❝♦✈❡rs✱ s❤❡ ❞♦❡s ♥♦t ❝♦♥tr❛❝t t❤❡ ✐♥❢❡❝t✐♦♥ ❛❣❛✐♥✳ ❚❤❡r❡ ❛r❡✱ ❤♦✇❡✈❡r✱ ♦t❤❡r
✼
❞✐s❡❛s❡s s✉❝❤ ❛s ♠❛❧❛r✐❛ ❛♥❞ t✉❜❡r❝✉❧♦s✐s ✐♥ ✇❤✐❝❤ ❛ r❡❝♦✈❡r❡❞ ♣❡rs♦♥ ❝❛♥ ❣❡t ✐♥❢❡❝t❡❞
❛❣❛✐♥✳ ❙♦ ❢❛r t❤❡r❡ ✐s ♥♦ ❝♦♥❝r❡t❡ ❡✈✐❞❡♥❝❡ t❤❛t ♦♥❝❡ ❛ ♣❡rs♦♥ ✐s ✐♥❢❡❝t❡❞ ❜② ❈♦✈✐❞✶✾
s❤❡ ✇✐❧❧ ♥♦t ❜❡ ✐♥❢❡❝t❡❞ ✐♥ ❢✉t✉r❡✳ ❚♦ ❜❡❣✐♥ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✇❡ ❛ss✉♠❡
♦♥❝❡ ❛ ♣❡rs♦♥ ✐s r❡❝♦✈❡r❡❞ ✐♠♠❡❞✐❛t❡❧② ❡♥t❡rs t❤❡ ♣♦♦❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ✐✳❡✳
R˙ = 0 ❛❧✇❛②s ❤♦❧❞s ✭s❡❡ ❋✐❣✉r❡ ✷✳✶❛✮✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ❤❡❧♣s ✉s t♦ ♦♣❡r❛t❡ ✇✐t❤ ❛ t✇♦
❞✐♠❡♥s✐♦♥❛❧ s②st❡♠✳ ❲❡ ❛ss✉♠❡ t❤❡ t♦t❛❧ ♣♦♣✉❧❛t✐♦♥ N(= S+I) ✐s ❝♦♥st❛♥t✳✶✵ ❙♦ r❛t❤❡r
t❤❛♥ t❤❡ ❙■❘✭❙✮ ♠♦❞❡❧✱ t❤❡ ♠♦❞❡❧ t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ♠♦r❡ ♦❢ ❛ ❙■✭❙✮ ♠♦❞❡❧✳
■♥ t❤❡ st❛♥❞❛r❞ ❙■✭❙✮ ♠♦❞❡❧✱ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ t❤❡ ✐♥❢❡❝t❡❞ ♥✉♠❜❡r ♣❡rs♦♥s ✐s I˙ =
βSI − νI✳ ❚❤✐s ❡q✉❛t✐♦♥ s❛②s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s ❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✱
✐♥❝r❡❛s❡s ❜② βSI ❜❡❝❛✉s❡ ♦❢ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✉s❝❡♣t✐❜❧❡ ❛♥❞ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞
❞❡❝r❡❛s❡s ❜② νI ❜❡❝❛✉s❡ ❛ ❢r❛❝t✐♦♥ ♦❢ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s r❡❝♦✈❡rs✳ ❙✐♥❝❡ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦
✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ ❞②♥❛♠✐❝s ♦❢
s♣r❡❛❞ ♦❢ t❤❡ ❞✐s❡❛s❡s✱ ✇❡ ♠♦❞✐❢② t❤✐s ❡q✉❛t✐♦♥ t♦
I˙ = βSI + θY − φ− νI ✭✷✳✶✮
✇❤❡r❡ β, θ, φ, ❛♥❞ ν ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ β ✐s t❤❡ ✐♥❢❡❝t✐♦♥ r❛t❡✳ ❲❡ ❛r❡ ❛❧s♦ ❛ss✉♠✲
✐♥❣ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✱ ✐♥❝r❡❛s❡s ❜❡❝❛✉s❡ ♦❢
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✉s❝❡♣t✐❜❧❡ ❛♥❞ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s✳ ❍♦✇❡✈❡r✱ ✇❡ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥
❡❝♦♥♦♠✐❝ ❛♥❞ ♥♦♥✲❡❝♦♥♦♠✐❝ ✐♥t❡r❛❝t✐♦♥s ❛♥❞ t❤❡✐r ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s✳ ❊❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✐s ❛ ♠❛❥♦r s✐t❡ ❢♦r s♣r❡❛❞ ♦❢ ✐♥❢❡❝t✐♦♥ ❛s ✐♥❢❡❝t❡❞
♣❡rs♦♥s ♠❛② ♣r❡s❡♥t t❤❡♠s❡❧✈❡s ❛s ❛s②♠♣t♦♠❛t✐❝ ❛♥❞ ❝♦♥t✐♥✉❡ t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❡❝♦♥♦♠✐❝
❛❝t✐✈✐t② ✇❤❡r❡ t❤❡② ✐♥t❡r❛❝t ✇✐t❤ s✉s❝❡♣t✐❜❧❡ ♣❡rs♦♥s✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ❡✛❡❝t ♦❢ ❡❝♦✲
♥♦♠✐❝ ❛❝t✐✈✐t②✱ ✇❡ ❛ss✉♠❡ I ✐♥❝r❡❛s❡s ♣r♦♣♦rt✐♦♥❛t❡❧② ✇✐t❤ ♦✉t♣✉t Y ✳ ❙✐♥❝❡ ❡❝♦♥♦♠✐❝
❛❝t✐✈✐t② ✐s ♥♦t t❤❡ ♦♥❧② tr✐❣❣❡r ❢♦r ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣st ✐♥❢❡❝t❡❞ ❛♥❞ s✉s❝❡♣t✐❜❧❡ ♣❡rs♦♥s✱
✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ t❡r♠ βSI ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❜✉t ✐♥t❡r♣r❡t ✐t ❛s
✐♥❝r❡❛s❡ ✐♥ I ✐rr❡s♣❡❝t✐✈❡ ♦❢ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✳ ❲❤❡♥ ✐t ❝♦♠❡s t♦ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s ❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✱ ✉♥❧✐❦❡ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧✱ ✇❡ ✐♥t❡r♣r❡t t❤❡ ❢r❛❝✲
t✐♦♥ ♦❢ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s ✇❤♦ r❡❝♦✈❡r✱ ν✱ ❛s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❤❡❛❧t❤ s❡❝t♦r ✐♥ ♣r♦✈✐❞✐♥❣
t✐♠❡❧② ❛✐❞ ❛♥❞ ❝❛r❡ t♦ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s✳ ❚❤❡ r❛t❡ ♦❢ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞
♣❡rs♦♥s ♠❛② ❛❧s♦ s❧♦✇❞♦✇♥ ❜❡❝❛✉s❡ ♦❢ str✐❝t❡r ❛❞❤❡r❡♥❝❡ t♦ s♦❝✐❛❧ ❞✐st❛♥❝✐♥❣ ♥♦r♠s✱ ❞✐❧✐✲
❣❡♥t ❝♦♥t❛❝t tr❛❝✐♥❣ ❛♥❞ ❧❛r❣❡✲s❝❛❧❡ t❡st✐♥❣✳ ❙✉❝❝❡ss ♦❢ s✉❝❤ ♣♦❧✐❝✐❡s ✉❧t✐♠❛t❡❧② ❜♦✐❧s
❞♦✇♥ t♦ ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ♦❢ t❤❡ s♦❝✐❡t②✳ ❲❡ ✐♥❝♦r♣♦r❛t❡ ❡✛❡❝t ♦❢ ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ✐♥
❡q✉❛t✐♦♥ ✭✷✳✶✮ t❤r♦✉❣❤ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t φ✳ ❲❡ ✐♥t❡r♣r❡t φ ❛s ❛♥ ✐♥❞❡① ♦❢ ❝♦♠♠✉♥✐t②
❤❡❛❧t❤✱ ✇✐t❤ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ ✐t ✐♥❞✐❝❛t✐♥❣ ❛ ❜❡tt❡r ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ❛♥❞✱ ❡q✉❛t✐♦♥ ✭✷✳✶✮
t❤❡♥ ✐♠♣❧✐❡s✱ ❛ ❧♦✇❡r r❛t❡ ♦❢ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s✳
✶✵❆s ❛ r❡❝♦✈❡r❡❞ ♣❡rs♦♥ ✐♠♠❡❞✐❛t❡❧② ❥♦✐♥s t❤❡ ❣r♦✉♣ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s✱ ✇❡ ❛r❡ ♥♦t s❡♣❛r❛t❡❧②
❝❛t❡❣♦r✐s✐♥❣ ✐t✳
✽
❆s S + I = N ❛♥❞ N ✐s ❝♦♥st❛♥t✱ I˙ = −S˙ ♠✉st ❤♦❧❞✳ ❍❡♥❝❡ ❞✐s❝✉ss✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢
I ✐s s✉✣❝✐❡♥t✳ ■♥s❡rt✐♥❣ S = N − I ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✳✶✮ ❛♥❞ ❛❢t❡r s♦♠❡ r❡❛rr❛♥❣❡♠❡♥t ✇❡
❣❡t
I˙ = (βN − ν)I − βI2 − φ+ θY. ✭✷✳✷✮
◆♦✇ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t✳ ❚❤❡r❡ ✐s ❡①❝❡ss s✉♣♣❧② ♦❢ ❧❛❜♦✉r ❛♥❞ ♥♦ ❞❡♣r❡❝✐✲
❛t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ♦❢ ▲❡♦♥t✐❡❢ t②♣❡ ✐✳❡✳
Y = min{γLL, γKK} = L, γK =
Y
P
K
>
Y
K
✭✷✳✸✮
✇❤❡r❡ Y ✐s r❡❛❧ ✐♥❝♦♠❡ ♦r ❧❡✈❡❧ ♦❢ ♦✉t♣✉t✱ L ✐s t♦t❛❧ ❛♠♦✉♥t ♦❢ ❧❛❜♦✉r ❡♠♣❧♦②❡❞✱ K ✐s t❤❡
❡①✐st✐♥❣ ❝❛♣✐t❛❧ st♦❝❦✱Y P ✐s t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t♣✉t ❧❡✈❡❧✳ ❙♦ t❤❡ ❛❝t✉❛❧ ♦✉t♣✉t ✐s ❜❡❧♦✇ t❤❡
♣♦t❡♥t✐❛❧ ♦✉t♣✉t ❧❡✈❡❧✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❡❝♦♥♦♠② ♦♣❡r❛t❡s ❛t t❤❡ ❧♦✇ r❛t❡ ♦❢ ❝❛♣❛❝✐t②
✉t✐❧✐③❛t✐♦♥✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ t❤❡ ❧❛❜♦✉r ♣r♦❞✉❝t✐✈✐t②✱ γL t♦ ✉♥✐t②✳ ❚❤❡r❡❢♦r❡ t❤❡
♦✉t♣✉t ✭Y ✮ ❛t ❛♥② ❣✐✈❡♥ ♣♦✐♥t ✐s ❡q✉❛❧ t♦ t❤❡ ❧❛❜♦✉r ❡♠♣❧♦②❡❞ ✭L✮✳ ◆♦t❡ t❤❛t L ≤ N ✳
❚❤❡ ❛❝t✉❛❧ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ✐s ❞❡♠❛♥❞✲❞❡t❡r♠✐♥❡❞ ❛♥❞ ✐s ❛❞❥✉st❡❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡
❞❡♠❛♥❞ ❣❛♣ ✇✐t❤ ❛ t✐♠❡ ❧❛❣✳ ❘✉❧❡s ❛♥❞ r❡❣✉❧❛t✐♦♥s ❛r❡ ❝❤❛♥❣✐♥❣ ❡✈❡r② ♥♦✇ ❛♥❞ t❤❡♥✳
■♥❞✐✈✐❞✉❛❧s✬ ❝♦♥s✉♠♣t✐♦♥ ❤❛❜✐t ✐s ❛❧s♦ ❝❤❛♥❣✐♥❣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ r❡❡st❛❜❧✐s❤♠❡♥t ♦❢
t❤❡ ❡♠♣❧♦②♠❡♥t ♥❡t✇♦r❦s ❢♦r t❤❡ ✐♥❞✉str✐❡s ✐s ❛❧s♦ t✐♠❡ ❝♦♥s✉♠✐♥❣✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥
❡①♣❡❝t t❤❡ ❛❝t✉❛❧ ♦✉t♣✉t ✐s ❛❞❥✉st✐♥❣ ✇✐t❤ ❛ t✐♠❡ ❧❛❣✳ ■t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
Y˙ = ρ[AD − Y ] ✭✷✳✹✮
❆❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✭AD✮ ❝♦♥s✐sts ♦❢ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ❞❡♠❛♥❞ (C), ✐♥✈❡st♠❡♥t ❞❡♠❛♥❞
(E) ❛♥❞ t❤❡ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✭G✮✳ ■♥❢❡❝t✐♦♥ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❝r❡❛t❡s ♣❛♥✐❝ ❛♠♦♥❣
❝♦♥s✉♠❡rs ❛♥❞ ♠❛❦❡s t❤❡♠ r❡❧✉❝t❛♥t ♦❢ s♣❡♥❞✐♥❣ ♦♥ ♥♦♥✲❡ss❡♥t✐❛❧ ❝♦♠♠♦❞✐t✐❡s✳ ■t ❞❛♠♣✲
❡♥s t❤❡ ❛♥✐♠❛❧ s♣✐r✐ts ♦❢ t❤❡ ✐♥✈❡st♦rs ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳ ❍♦✇❡✈❡r t❤❡s❡ r❡❧❛t✐♦♥s❤✐♣ ✐s ♥♦t
❧✐♥❡❛r✳ P❛♥✐❝ ❛♠♦♥❣ ✐♥❞✐✈✐❞✉❛❧s ✐♥❝r❡❛s❡s ❛t ❛♥ ✐♥❝r❡❛s✐♥❣ r❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❡✈❡❧ ♦❢
✐♥❢❡❝t❡❞ ♣♦♣✉❧❛t✐♦♥ I. ❚❤❡r❡❢♦r❡ ✇❡ ❛ss✉♠❡ C = c¯+ cY Y − cII
2, E = e¯+eY Y −eII
2, ❛♥❞
G = G¯✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✭AD✮ ✐s C +E+G = a+ bY − fI2✳ ❲❤❡r❡ a = c¯+ e¯+ G¯
✐s t❤❡ ❛✉t♦♥♦♠♦✉s ♣❛rt ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞✱ b = cY + eY ✐s t❤❡ ✐♥❞✉❝❡❞ ♣❛rt ❛♥❞
f = cI + eI . ■♥s❡rt✐♥❣ t❤❡ AD = a+ bY − fI
2 ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✳✹✮ ✇❡ ❣❡t
Y˙ = ρ[a− (1− b)Y − fI2] ✭✷✳✺✮
❲❡ ❛ss✉♠❡ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡s ♦❢ I ❛♥❞ Y ❛s I∗ ❛♥❞ Y ∗ ✇❤❡r❡ I∗ ❛♥❞ Y ∗ ❜♦t❤
❛r❡ ♣♦s✐t✐✈❡✳ ❚♦ ❛♥❛❧②③❡ t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡
✾
s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭✷✳✷✮ ❛♥❞ ✭✷✳✺✮ ❛r♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❣❡t(
I˙
Y˙
)
=
(
J11 J12
J21 J22
)(
I − I∗
Y − Y ∗
)
✭✷✳✻✮
✇❤❡r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J ❛r❡ ❣✐✈❡♥ ❜②
J11 =
∂I˙
∂I
= (βN − ν)− 2βI ≷ 0 ✭✷✳✼✮
J12 =
∂I˙
∂Y
= θ > 0 ✭✷✳✽✮
J21 =
∂Y˙
∂I
= −2fIρ < 0 ✭✷✳✾✮
J22 =
∂Y˙
∂Y
= −(1− b)ρ < 0 ✭✷✳✶✵✮
❆❧❧ t❤❡ ❛❜♦✈❡ ❡❧❡♠❡♥ts ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ s❤♦rt✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ♦♠✐t t❤✐s s✉♣❡r✲
s❝r✐♣t ✏∗✑ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳
J11 r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ♦♥ ❛ ❝❤❛♥❣❡
✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s t❤❡♠s❡❧✈❡s✳ ❆s ♠♦r❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐✈✐❞✉❛❧s ❛r❡
✐♥❢❡❝t❡❞✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❤❡ ♠♦r❡ ✐s t❤❡ ❝❤❛♥❝❡ t❤❛t t❤❡ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ❛❧s♦
✐♥❢❡❝t❡❞✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣✱ I ✐s ✈❡r② s♠❛❧❧ ❛♥❞ t❤❡r❡❢♦r❡ (βN − ν) ❞♦♠✐♥❛t❡s 2βI.
❈♦♥s❡q✉❡♥t❧②✱ ❡q✉❛t✐♦♥ ✭✷✳✼✮ ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳ ❚❤r♦✉❣❤ t✐♠❡✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞
✐♥❞✐✈✐❞✉❛❧s r✐s❡✱ 2βI st❛rts ❞♦♠✐♥❛t✐♥❣ (βN −ν) ❛♥❞ t❤❡r❡❢♦r❡ J11 ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡✳ J12
s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❆s t❤❡
❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② r✐s❡s✱ ♠♦r❡ ♣❡♦♣❧❡ ❣❡ts ✐♥ t♦✉❝❤ ✇✐t❤ ♦t❤❡rs ❛♥❞ ♠❛✐♥t❛✐♥✐♥❣ ♣❤②s✐❝❛❧
❞✐st❛♥❝✐♥❣ ❜❡❝♦♠❡s ❞✐✣❝✉❧t✳ ❈♦♥s❡q✉❡♥t❧②✱ ♠♦r❡ ♣❡♦♣❧❡ ❛r❡ ✐♥❢❡❝t❡❞✳ J21 r❡♣r❡s❡♥ts t❤❡
❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ I ♦♥ t❤❡ ❝❤❛♥❣❡ ✐♥ Y. ❆s ♠♦r❡ ♥✉♠❜❡r ♦❢ ♣❡♦♣❧❡ ❛r❡ ✐♥❢❡❝t❡❞✱ ♣❡♦♣❧❡
♣❛♥✐❝ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❝♦♥✜❞❡♥❝❡ ♦❢ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡ ❛♥✐♠❛❧ s♣✐r✐ts ♦❢ t❤❡ ✐♥✈❡st♦rs
❢❛❧❧✳ ❚❤✐s ✐♥ t✉r♥✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❧♦✇❡rs t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ♦✉t♣✉t
❧❡✈❡❧✴ ❧❡✈❡❧ ♦❢ ✐♥❝♦♠❡✳ J22 s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ♦♥ ❛ ❝❤❛♥❣❡ ✐♥
t❤❡ ♦✉t♣✉t ❧❡✈❡❧ ✐ts❡❧❢✳ ❋♦r t❤❡ ❑❡②♥❡s✐❛♥ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ t♦ ❤♦❧❞✱ ✇❡ ❛ss✉♠❡ J22 < 0.
❋✐❣✉r❡ ✷✳✷ s❤♦✇s ♣r♦❜❛❜❧❡ st❡❛❞② st❛t❡s ♦❢ t❤❡ ♠♦❞❡❧✳ ❙❧♦♣❡ ♦❢ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡✱
dY
dI
∣∣∣
I˙=0
= −
∂I˙
∂I
∂I˙
∂Y
= −J11
J12
= −{(βN−ν)−2βI}
θ
≷ 0 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r I ≷ I˜ = βN−ν
2β
. ◆♦t❡
t❤❛t d
2Y
dI2
∣∣∣
I˙=0
= 2β
θ
> 0. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❧♦♣❡ ♦❢ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ✐s dY
dI
∣∣∣
Y˙=0
= −
∂Y˙
∂I
∂Y˙
∂Y
=
−J21
J22
= − 2fI
(1−b)
< 0. ◆♦t❡ t❤❛t d
2Y
dI2
∣∣∣
Y˙=0
= − 2f
(1−b)
< 0. ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ f t✇♦
❝❛s❡s ♠❛② ❛r✐s❡✳ ❲❤❡♥ f ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ ✇❡ ❣❡t ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ A ❛♥❞ B. ❋✐❣✉r❡ ✷✳✷❛
❞❡♣✐❝ts t❤✐s s❝❡♥❛r✐♦✳ ❍♦✇❡✈❡r✱ ✐❢ f ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✱ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ❜❡♥❞s ❢❛st ❛♥❞
r❡s✉❧ts ❡q✉✐❧✐❜r✐❛A ❛♥❞ C. ❋✐❣✉r❡ ✷✳✷❜ s❤♦✇s t❤✐s✳ ❆t t❤❡ st❡❛❞② st❛t❡A, ❛s I < I˜ = βN−ν
2β
✱
✶✵
✭❛✮ ✇❤❡♥ f ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ ✭❜✮ ✇❤❡♥ f ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤
❋✐❣✉r❡ ✷✳✷✿ Pr♦❜❛❜❧❡ st❡❛❞② st❛t❡s
J11 > 0. ❙♦ ✐s tr✉❡ ❢♦r ♣♦✐♥t C. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s I > I˜ =
βN−ν
2β
❛t B, J11 < 0. ❆t ♣♦✐♥t
A t❤❡ s❧♦♣❡ ♦❢ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ✐s ✢❛tt❡r t❤❛♥ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳ 0 > −J21
J22
> −J11
J12
✇❤✐❝❤ ✐♥ t✉r♥ ✭❛s J12 > 0 ❛♥❞ J22 < 0✮ ✐♠♣❧✐❡s ❉❡t(J) =(J11J22 − J12J21) < 0✳ ❍❡♥❝❡
♣♦✐♥t A ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛t ♣♦✐♥t B t❤❡ s❧♦♣❡ ♦❢ t❤❡ I˙ = 0
✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡ ♦❢ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳ −J11
J12
> 0 > −J21
J22
✇❤✐❝❤ ✐♥ t✉r♥
✭❛s J12 > 0 ❛♥❞ J22 < 0✮ ✐♠♣❧✐❡s ❉❡t(J) =(J11J22− J12J21) > 0✳ ❋✉rt❤❡r✱ t❤❡ tr❛❝❡ ♦❢ t❤❡
❏❛❝♦❜✐❛♥ ♠❛tr✐① tr(J) = J11+J22 < 0. ❍❡♥❝❡ ♣♦✐♥t B ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳
✶✶ ❆t ♣♦✐♥t
C ❜♦t❤ t❤❡ s❧♦♣❡s ❛r❡ ♥❡❣❛t✐✈❡ ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ s❧♦♣❡
♦❢ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ✐✳❡✳ 0 > −J11
J12
> −J21
J22
✇❤✐❝❤ ✐♥ t✉r♥ ✭❛s J12 > 0 ❛♥❞ J22 < 0✮ ✐♠♣❧✐❡s
❉❡t(J) =(J11J22− J12J21) > 0✳ ❍♦✇❡✈❡r✱ J11 > 0 ❤❡r❡ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ s✐❣♥ ♦❢ t❤❡ tr❛❝❡
✐s ❛♠❜✐❣✉♦✉s✳ ■ts s✐❣♥ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❡❞ ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r
ρ. ❚r(J) = J11 + J22 R 0 ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ρ ⋚ ρˆ = (βN−ν)−2βI(1−b) . ❈♦♥s❡q✉❡♥t❧②✱ ♣♦✐♥t
C ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡ ✐❢ ρ > ρˆ ❛♥❞ ❛♥❞ ✉♥st❛❜❧❡ ✐❢ ρ < ρˆ. ❍♦✇❡✈❡r✱ st❛rt✐♥❣ ✇✐t❤ ❛
❤✐❣❤ ✈❛❧✉❡ ♦❢ ρ ✐❢ ✐t ❢❛❧❧s t♦ ρˆ t❤❡ ❡❝♦♥♦♠② ❧♦s❡s ✐ts st❛❜✐❧✐t② ❛♥❞ ❛ ❧✐♠✐t ❝②❝❧❡ ❡♠❡r❣❡s
❞✉❡ t♦ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳ ❆s ✐♥ ♦✉r ♠♦❞❡❧ Y ❛❧s♦ ❞❡♥♦t❡s t❤❡ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧ ✐♥ t❤❡
❡❝♦♥♦♠② ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✸✮✮✱ ❛♥ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ♣❡r♣❡t✉❛❧ ❝②❝❧❡ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s
❛♥❞ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧ ❡♠❡r❣❡s ❢♦r ❛ ❢❛❧❧ ✐♥ ρ t♦ ρˆ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ t❛❧❦s ❛❜♦✉t
t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r✱ ρ✱ t❤❡
❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✷✳✷✮ ✫ ✭✷✳✺✮ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ st❡❛❞② st❛t❡ C ❤❛s ♣✉r❡❧② ✐♠❛❣✲
✐♥❛r② r♦♦ts ❛♥❞ ❢♦r t❤❡ s❛♠❡ ❞②♥❛♠✐❝❛❧ s②st❡♠✱ ρ = ρˆ = (βN−ν)−2βI
(1−b)
♣r♦✈✐❞❡s ❛ ♣♦✐♥t ♦❢
❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥✳
✶✶❍❡r❡ ❛s J12 > 0 ❛♥❞ J21 < 0 s♦✱ tr(J)
2− 4Det(J) = (J11−J22)
2+4J12J21 R 0 ❛♥❞ ❤❡♥❝❡ t❤❡ st❡❛❞②
st❛t❡ ❝❛♥ ❜❡ ❛♥② ♦❢ ❡✐t❤❡r ❛ st❛❜❧❡ ♥♦❞❡ ♦r ❛ st❛❜❧❡ s♣✐r❛❧✳
✶✶
Pr♦♦❢✳ ❙❡❡ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳
❚❤❡ ❡✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝ ❝❤❛♥❣❡s ❝❛♥ ❜❡ s❤♦✇♥ ❜② t♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✷✮
❛♥❞ ✭✷✳✺✮✱ ✇❤✐❝❤ ✐♠♣❧②[
J11 J12
J21 J22
][
dI
dY
]
=
[
I2 − IN
0
]
dβ +
[
I
0
]
dν +
[
1
0
]
dφ
+
[
−Y
0
]
dθ +
[
0
−ρ
]
da+
[
0
I2
]
df
✭✷✳✶✶✮
✇❤❡r❡ Ω =
∣∣∣∣∣ J11 J12J21 J22
∣∣∣∣∣✳
❚❤❡ t✇✐♥✲❞❛♠❛❣❡s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❞❡♠♦♥❡t✐③❛t✐♦♥ ❛♥❞ ●❙❚ ✭●♦♦❞s ❛♥❞ ❙❡r✈✐❝❡s ❚❛①✮ ❤❛✈❡
❛❧r❡❛❞② ❤❛r♠❡❞ t❤❡ ❡❝♦♥♦♠②✳✶✷ ❚❤❡ ❝❡♥tr❡✱ ❞❡s♣✐t❡ r❡♣❡❛t❡❞ ❞❡♠❛♥❞ ❢r♦♠ t❤❡ st❛t❡s✱ s♦
❢❛r ✭s✐♥❝❡ ❆✉❣✉st✱ ✷✵✶✾✮ ❤❛s ♥♦t r❡❧❡❛s❡❞ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ❞✉❡ ❢♦r st❛t❡s✬ r❡✈❡♥✉❡ ❧♦ss
❞✉❡ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ●❙❚✳ ❚❤❡ ❈♦✈✐❞✲✶✾ ♣❛♥❞❡♠✐❝ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ❤❛s ❛❞❞❡❞ t♦
t❤❡ r❡s♣♦♥s✐❜✐❧✐t✐❡s ♦❢ t❤❡ st❛t❡ ❣♦✈❡r♥♠❡♥ts ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❤❛s ❞r✐❡❞ ✉♣ t❤❡✐r
r❡✈❡♥✉❡s ❞✉❡ t♦ t❤❡ ❧♦❝❦❞♦✇♥✳✶✸ ❚❤❡s❡✱ ❛❧♦♥❣ ✇✐t❤ ❥♦❜ ❧♦ss❡s ❢♦r ♠✐❧❧✐♦♥s ♦❢ ♣❡♦♣❧❡✱ ❤❛✈❡
❝♦♥tr✐❜✉t❡❞ ✐♥ ❧♦✇❡r✐♥❣ ❞♦✇♥ t❤❡ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡ ❛♥✐♠❛❧ s♣✐r✐ts ♦❢
t❤❡ ✐♥✈❡st♦rs✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ ✈❛❧✉❡ ♦❢ f ✐s q✉✐t❡ ❤✐❣❤✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ♠♦r❡ ❧✐❦❡❧② t❤❛t
t❤❡ ■♥❞✐❛♥ ❡❝♦♥♦♠② ✐s ❝✉rr❡♥t❧② ❛t ♣♦✐♥t C.
❆t C ❛s ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✐♥❝r❡❛s❡s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡ ♦❢ I ✐♥❝r❡❛s❡s ❛♥❞ Y
❞❡❝r❡❛s❡s ✭❋✐❣✉r❡ ✷✳✸❞✮✳ ❚❤✐s s❡❡♠s t♦ ❜❡ ❝♦✉♥t❡r ✐♥t✉✐t✐✈❡✳ ❚❤❡ ❡①♣❧❛♥❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✳
❆s G ✐♥❝r❡❛s❡s✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ♦❢ t❤❡ ❡❝♦♥♦♠② r✐s❡s ❛♥❞ ✐t ♣✉s❤❡s
t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ✉♣✇❛r❞s✳ ❋♦r ❛ ❣✐✈❡♥ ♦✉t♣✉t ❧❡✈❡❧ Y, ❛t t❤❡ ♦❧❞ st❡❛❞② st❛t❡ C t❤❡
♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ❧♦✇❡r t❤❛♥ r❡q✉✐r❡❞ ❢♦r s❛t✐s❢②✐♥❣ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡✳
❚❤✐s ❧♦✇❡r ❧❡✈❡❧ ♦❢ I ♣✉ts ✉♣✇❛r❞ ♣r❡ss✉r❡ ♦♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭2.9)✳
❆s ❛ r❡s✉❧t✱ ♦✉t♣✉t ❧❡✈❡❧ st❛rts r✐s✐♥❣ ✐♥✐t✐❛❧❧②✳ ❚❤✐s r✐s❡ ✐♥ ♦✉t♣✉t ❧❡✈❡❧ ✐♥❝r❡❛s❡s I t❤r♦✉❣❤
❡q✉❛t✐♦♥ ✭✷✳✽✮✳ ❚❤✐s r✐s❡ ✐♥ I t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✷✳✾✮ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ t❤❡ ♦✉t♣✉t ❧❡✈❡❧✳
❲❤❛t✬s ♠♦r❡✱ ❛s I < I˜ = βN−ν
2β
❛r♦✉♥❞ C ′, ❛ r✐s❡ ✐♥ I ✐♥❝r❡❛s❡s I ✐ts❡❧❢ ❢✉rt❤❡r ✭s❡❡
❡q✉❛t✐♦♥ ✭✷✳✼✮✮✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ✐s ❛ ❢✉rt❤❡r ❢❛❧❧ ✐♥ t❤❡ ♦✉t♣✉t ❧❡✈❡❧✳ ❚❤✐s ❢❛❧❧ ✐♥
♦✉t♣✉t ♦✈❡r❝♦♠♣❡♥s❛t❡s t❤❡ ✐♥✐t✐❛❧ r✐s❡ ✐♥ Y. ❙♦✱ ✜♥❛❧❧② t❤❡r❡ ✐s ❛ r✐s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢
✐♥❢❡❝t❡❞ ♣❡♦♣❧❡ ❛♥❞ ❛ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t♣✉t ❧❡✈❡❧✳
❍♦✇❡✈❡r✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ r✐s❡ ✐♥ G, t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡ ✐s ♣✉s❤❡❞ ✉♣✇❛r❞s s✐❣♥✐✜✲
❝❛♥t❧② ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❡❝♦♥♦♠② r❡❛❝❤❡s t♦ ♣♦✐♥t B ✇❤❡r❡ ✐♥st❡❛❞ ♦❢ ❛ ❢❛❧❧✱ t❤❡
❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t r✐s❡s ✭s❡❡ ❋✐❣✉r❡ ✷✳✸❞✮✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♥❡❛r B, I ✐s s♦ ❤✐❣❤
✶✷P❛t♥❛✐❦ ✭✷✵✶✾✮✳
✶✸P❛t♥❛✐❦ ✭✷✵✷✵✮✳
✶✷
✭❛✮ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ ν ✭❜✮ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ φ
✭❝✮ ❊✛❡❝t ♦❢ ❛ ❢❛❧❧ ✐♥ θ ✭❞✮ ❊✛❡❝t ♦❢ ❛ r✐s❡ ✐♥ a
✭❡✮ ❊✛❡❝t ♦❢ ❛ ❢❛❧❧ ✐♥ f ✭❢✮ ❊✛❡❝t ♦❢ ❛ ❢❛❧❧ ✐♥ a
❋✐❣✉r❡ ✷✳✸✿ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❞✐❛❣r❛♠ ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs
✶✸
t❤❛t 2βI ❞♦♠✐♥❛t❡s (βN − ν) ❛♥❞ ♠❛❦❡s J11 < 0 ✐✳❡✳ ❛ r✐s❡ ✐♥ I r❡❞✉❝❡s t❤❡ ❧❡✈❡❧ ♦❢ ✐t✳
❈♦♥s❡q✉❡♥t❧②✱ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✷✳✾✮ ❨ r✐s❡s✳ ❚❤✉s✱ ✇❤✐❧❡ ❛ s♠❛❧❧ ✜s❝❛❧ st✐♠✉❧✉s ♣❛❝❦❛❣❡
✐s ❝♦✉♥t❡r♣r♦❞✉❝t✐✈❡✱ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✜s❝❛❧ st✐♠✉❧✉s ❝❛♥ ❤❡❧♣ t❤❡ ❡❝♦♥♦♠② t♦ ❣❡t ♦✉t
♦❢ t❤❡ s❡✈❡r❡ s✐t✉❛t✐♦♥ ✭✇❤✐❝❤ ✐s ❛t ♣♦✐♥t C✮✳
▲❡t ✉s ❝❤❡❝❦ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❢❛❧❧s✳ ❆s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸❢✱
❛s ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✭G✮ ❢❛❧❧s ✭❝❡t❡r✐s ♣❛r✐❜✉s ✐t ♠❡❛♥s ❛ ❢❛❧❧ ✐♥ a✮ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡
s❤✐❢ts ❞♦✇♥✇❛r❞✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ r❡❛❝❤ t♦ ❛ ♥❡✇ st❡❛❞② st❛t❡ C ′ ✇❤❡r❡ I ❢❛❧❧s ❛♥❞ Y
r✐s❡s✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t s❤♦✉❧❞ ✐♠♣❧❡♠❡♥t ❛ ❝♦♥tr❛❝t✐♦♥❛r②
✜s❝❛❧ ♣♦❧✐❝②✳ ◆♦t❡ t❤❛t ❛s a ❢❛❧❧s t❤❡ t✇♦ ❡q✉✐❧✐❜r✐❛ A ❛♥❞ C ❝♦♠❡ ❝❧♦s❡r ❛♥❞ t❤❡ s②st❡♠
❜❡❝♦♠❡s ♠♦r❡ ❢r❛❣✐❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛ s❤♦❝❦ ✇❤✐❝❤ ❝♦✉❧❞ ♣r❡✈✐♦✉s❧② ❜❡ ❛❜s♦r❜❡❞ ❜② t❤❡
st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ C ✐s ♥♦ ♠♦r❡ ♣♦ss✐❜❧❡✳✶✹ ■♥ ♦t❤❡r ✇♦r❞s ❛s A ❛♥❞ C ❝♦♠❡ ❝❧♦s❡r t❤❡
st❛❜❧❡ r❡❣✐♦♥ s❤r✐♥❦s✳✶✺ ❆ ❢✉rt❤❡r ❢❛❧❧ ✐♥ a ❝❛✉s❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤♦s❡ t✇♦ ❡q✉✐❧✐❜r✐❛
✐♥t♦ ❛♥ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ D ✇❤✐❝❤ ✐s ✉♥st❛❜❧❡ ✐♥ ♥❛t✉r❡ ✭s❡❡ ❋✐❣✉r❡ ✷✳✸❢ ✮✳✶✻ ❆s ❛ r❡s✉❧t✱
t❤❡ ✐♥st❛❜✐❧✐t② ❛r✐s❡ ✐♥ t❤❡ s②st❡♠✳
❆❧t❤♦✉❣❤ t❤❡ ■♥❞✐❛♥ ❣♦✈❡r♥♠❡♥t ✭❝✉rr❡♥t❧② s❛♠❡ ✐s tr✉❡ ❢♦r ♠♦st ♦❢ t❤❡ ❝♦✉♥tr✐❡s✮ ✐s
♠♦r❡ ❝♦♥❝❡r♥❡❞ ❛❜♦✉t t❤❡ ❧❡✈❡❧ ♦❢ ✐ts ✐♥❢❡❝t❡❞ ♣❡♦♣❧❡✱ ✐t ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ♠❡❛♥ t❤❛t
t❤❡r❡ s❤♦✉❧❞ ♥♦t ❜❡ ❛♥② ✜s❝❛❧ ❡①♣❛♥s✐♦♥ t♦ ❜♦♦st t❤❡ ❡❝♦♥♦♠②✳ ❘❛t❤❡r✱ ❛ ✜s❝❛❧ ❡①♣❛♥s✐♦♥
❛❧♦♥❣ ✇✐t❤ ❛❧❧ t❤❡ ♠❡❛s✉r❡s t❤❛t ❧♦✇❡rs t❤❡ ✈❛❧✉❡ ♦❢ θ ♦r β ❛♥❞✴♦r ❤✐❣❤❡rs t❤❡ ✈❛❧✉❡ ♦❢
ν ♦r φ ♠❛② ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡ ♦❢ Y ❧❡❛❞✐♥❣ I ✉♥❝❤❛♥❣❡❞✳ ❆ ♣r♦♣❡r
♣♦❧✐❝②✲♠✐① ♥♦t ♦♥❧② ❝❛♥ ✐♥❝r❡❛s❡ Y ❜✉t ❝❛♥ ❡✈❡♥ ❞❡❝r❡❛s❡ t❤❡ s❛t❡ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳
❆ r✐s❡ ✐♥ ν✱ ❢♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ I, r❛✐s❡s Y ❛♥❞ t❤✐s r✐s❡ ✐♥ Y ❞❡♣❡♥❞s ♦♥ t❤❡ ❧❡✈❡❧ ♦❢
I✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜❡❝❛✉s❡ ♦❢ ❛ r✐s❡ ✐♥ ν t❤❡ ✈❛❧✉❡ ♦❢ I˜
(
= βN−ν
2β
)
❢❛❧❧s✳✶✼ ❍♦✇❡✈❡r✱
t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡✳ ❆s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸❛✱ ❢♦r ❛ r✐s❡ ✐♥ ν✱
t❤❡ s②st❡♠ s❤✐❢ts ❢r♦♠ ♣♦✐♥t C t♦ ♣♦✐♥t C ′ r❡s✉❧t✐♥❣ ❛ ❢❛❧❧ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢
✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ❛ r✐s❡ ✐♥ ♦✉t♣✉t ❧❡✈❡❧✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t ❛s ν
r✐s❡s✱ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✷✳✷✮✱ I ❢❛❧❧s✳ ❚❤✐s ❢❛❧❧ ✐♥ I t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✷✳✺✮ ❧❡❛❞s t♦ ❛
r✐s❡ ✐♥ Y. ❆s Y r✐s❡s✱ t❤❡r❡ ♠✉st ❜❡ ❛ r✐s❡ ✐♥ I. ❚❤✐s r✐s❡ ✐♥ I ♠✐t✐❣❛t❡s t❤❡ ✐♥✐t✐❛❧ ❢❛❧❧ ✐♥
I. ❍♦✇❡✈❡r✱ t❤❡ ✜♥❛❧ r❡s✉❧t ✐s ❛ ❢❛❧❧ ✐♥ I ❛♥❞ ❛ r✐s❡ ✐♥ Y ✳ ❆ s✐♠♣❧❡ ❛❧❣❡❜r❛ ❛❧♦♥❣ ✇✐t❤
❡q✉❛t✐♦♥ ✭✷✳✶✶✮ ②✐❡❧❞s dI
dν
= IJ22
Ω
< 0 ❛♥❞ dY
dν
= −IJ21
Ω
> 0✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❤❡❛❧t❤
s❡❝t♦r ✐♥ ♣r♦✈✐❞✐♥❣ t✐♠❡❧② ❛✐❞ ❛♥❞ ❝❛r❡ t♦ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s ✐♥❝r❡❛s❡s ✐♥ t❤❡ r❡❝♦✈❡r② r❛t❡
✇❤✐❝❤ ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ❝❛✉s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ I t♦ ❢❛❧❧✳ ❉✉❡ t♦
♦✈❡r❝r♦✇❞✐♥❣ t❤❡ ❡♣✐❞❡♠✐❝s ❜✉✐❧❞s ✉♣ r❛♣✐❞❧② ✐✳❡✳ ♦✈❡r❝r♦✇❞✐♥❣ ✐♥❝r❡❛s❡s t❤❡ ✈❛❧✉❡ ♦❢ β.
✶✹❲❡ ✜♥❞ t❤✐s ❦✐♥❞ ♦❢ ❡①♣❧❛♥❛t✐♦♥ ✐♥ ❏❛rs✉❧✐❝ ✭✶✾✾✵✱ ♣♣✳ ✾✺✮
✶✺❋♦r ♠♦r❡✱ s❡❡ ❆♣♣❡♥❞✐① ❆✳✺✳ ❙❡❡ ■s❛❛❝ ❛♥❞ ❑✐♠ ✭✷✵✶✸✱ ♣♣✳ ✷✻✹✲✻✺✮ ❢♦r t❤❡ ❝♦♥❝❡♣t ♦❢ st❛❜❧❡ r❡❣✐♦♥✳
✶✻❍❡r❡ ❛s t❤❡ ✐s♦❝❧✐♥❡ ❛r❡ t❛♥❣❡♥t✱ s❧♦♣❡s ♠✉st ❜❡ ❡q✉❛❧ ✐✳❡✳ −J21
J22
= −J11
J12
✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s
❉❡t(J) = 0✳
✶✼❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ✇❡ ❣❡t Y
∣∣
I˙=0
= βI
2
−(βN−ν)I+φ
θ
✳ ❍❡r❡ d
dν
(
Y
∣∣
I˙=0
)
= I
θ
> 0 ❛♥❞ d
dν
(
βN−ν
2β
)
=
−1
2β < 0.
✶✹
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛ ❢r❡q✉❡♥t ❤❛♥❞ ✇❛s❤✱ ♣r♦♣❡r ♣❤②s✐❝❛❧ ❞✐st❛♥❝✐♥❣ ❛♥❞ ✐s♦❧❛t✐♦♥ ❧❡❛❞
t♦ ❛ ❢❛❧❧ ✐♥ β. ◆♦t❡ t❤❛t t❤❡ ✐♠♣❛❝t ♦❢ ❛ r✐s❡ ✐♥ β ✐s ❡①❛❝t❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛ r✐s❡ ✐♥ ν✳✶✽
❚❤❡r❡❢♦r❡ ✇❡ ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② ❞✐s❝✉ss✐♥❣ ✐t ❢✉rt❤❡r✳
❆ r✐s❡ ✐♥ φ✱ t❤❡ ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ✐♥❞❡①✱ ❢♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ I, r❛✐s❡s Y ✳✶✾ ❋♦r ❛♥
✐♥❝r❡❛s❡ ✐♥ φ, ❛s ❋✐❣✉r❡ ✷✳✸❜ ❞❡♣✐❝ts✱ t❤❡ t❤❡ ✈❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ♦❢ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡
s❤✐❢ts ✉♣✇❛r❞ ✇❤✐❧❡ t❤❡ s❧♦♣❡ r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✳✷✵ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡❝♦♥♦♠② s❤✐❢ts
❢r♦♠ C t♦ C ′ ❡♥s✉r✐♥❣ ❛ r✐s❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t♣✉t ❧❡✈❡❧ ❛♥❞ ❛ ❢❛❧❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢
✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t ❛ ♣r♦♣❡r ✐♥❢♦r♠❛t✐♦♥ ❛♠♦♥❣ ♣❡♦♣❧❡✱
❛ str✐❝t❡r ❛❞❤❡r❡♥❝❡ t♦ s♦❝✐❛❧ ❞✐st❛♥❝✐♥❣ ♥♦r♠s✱ ❞✐❧✐❣❡♥t ❝♦♥t❛❝t tr❛❝✐♥❣ ❛♥❞ ❧❛r❣❡✲s❝❛❧❡
t❡st✐♥❣ ✭✐♥ ♦t❤❡r ✇♦r❞s✱ ✐♠♣r♦✈❡♠❡♥t ✐♥ ♦✈❡r❛❧❧ ❝♦♠♠✉♥✐t② ❤❡❛❧t❤✮✱ t❤r♦✉❣❤ ❡q✉❛t✐♦♥
✭✷✳✷✮ ❧❡❛❞ t♦ ❛ ❢❛❧❧ ✐♥ I✳ ❆s ∂Y˙
∂I
< 0, t❤✐s ❢❛❧❧ ✐♥ I ✐♥❝r❡❛s❡s t❤❡ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t Y.✷✶
■♥ ♦✉r ♠♦❞❡❧✱ θ ❝❛♣t✉r❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ I ✇❤✐❧❡ Y ❝❤❛♥❣❡s✳ ❙♦ t❤❡ ❝♦♠✲
♣❛r❛t✐✈❡ st❛t✐❝ ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ θ ❞❡s❡r✈❡s s♦♠❡ ❞✐s❝✉ss✐♦♥✳ ❆ ♠❛ss✲s❝❛❧❡ t❡st✐♥❣ ❛♥❞
s❡❣r❡❣❛t✐♥❣ t❤❡ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❢r♦♠ ♦t❤❡rs ❛♥❞ ❛ ❧❛r❣❡ s❝❛❧❡ ✉s❡ ♦❢ PP❊ ✭♥♦t ♦♥❧②
❜② ❤❡❛❧t❤ ✇♦r❦❡rs ❜✉t ❛❧s♦ ✇♦r❦❡rs ♦❢ ♦t❤❡r s❡❝t♦rs ❡s♣❡❝✐❛❧❧② ✇❤❡r❡ ♠❛✐♥t❛✐♥✐♥❣ ♣❤②s✲
✐❝❛❧ ❞✐st❛♥❝❡s ✐s ❞✐✣❝✉❧t✷✷✮ ❝❛♥ ❝✉r❜ t❤❡ ✈❛❧✉❡ ♦❢ θ ❛♥❞ s❧♦✇ ❞♦✇♥ t❤❡ ❝❤❛♥❣❡ ✐♥ I✳
❚❤❡ s❤♦rt✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ ❡✛❡❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ θ ♦♥ I ❛♥❞ Y ❛r❡ dI
dθ
= −Y J22
Ω
> 0 ❛♥❞
dY
dθ
= Y J21
Ω
< 0✳ ❆s θ r✐s❡s t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡ s❤✐❢ts ❞♦✇♥✇❛r❞ ✇❤❡r❡❛s ❛ ❢❛❧❧ ✐♥ θ ❧❡❛❞s
t♦ ❛♥ ✉♣✇❛r❞ s❤✐❢t ✐♥ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡ ✭t❤❡ ❢❛❧❧ ✐♥ θ ✐s s❤♦✇♥ ❋✐❣✉r❡ ✷✳✸❝✮✳ ❚❤✐s ✐s
❤❛♣♣❡♥✐♥❣ ❜❡❝❛✉s❡ d
dθ
(
dY
dI
∣∣∣
I˙=0
)
= {(βN−ν)−2βI}
θ2
≶ 0 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r I ≷ I˜ = βN−ν
2β
❛♥❞ d
dθ
(
d2Y
dI2
∣∣∣
I˙=0
)
= −2β
θ2
< 0. ■♥t✉✐t✐✈❡❧② s♣❡❛❦✐♥❣✱ ✇❤❡♥ θ r✐s❡s✱ ❢♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ Y ❛
❤✐❣❤❡r ❧❡✈❡❧ ♦❢ I ✐s r❡q✉✐r❡❞ ✭✇❤❡♥ I > I˜✮ t♦ s❛t✐s❢② ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢
I < I˜, ❢♦r ❛ r✐s❡ ✐♥ θ ❛s s♠❛❧❧❡r ❧❡✈❡❧ ♦❢ I ✐s r❡q✉✐r❡❞ t♦ s❛t✐s❢② ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ t❤❡ Y˙ = 0 ✐s♦❝❧✐♥❡✳
❆ ❢❛❧❧ ✐♥ θ s❤✐❢ts t❤❡ ❡❝♦♥♦♠② ❢r♦♠ C t♦ C ′ ❡♥s✉r✐♥❣ ❛ r✐s❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t♣✉t ❧❡✈❡❧
❛♥❞ ❛ ❢❛❧❧ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s ✐s t❤❛t ❛ ❢❛❧❧
✐♥ θ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ❧❡❛❞ t♦ ❛ ❢❛❧❧ ✐♥ I✳ ❆s ∂Y˙
∂I
< 0, t❤✐s ❢❛❧❧ ✐♥ I ✐♥❝r❡❛s❡s t❤❡ ❧❡✈❡❧
♦❢ ♦✉t♣✉t Y. ❆s Y r✐s❡s✱ t❤❡r❡ ♠✉st ❜❡ ❛ r✐s❡ ✐♥ I. ❚❤✐s r✐s❡ ✐♥ I ♠✐t✐❣❛t❡s t❤❡ ✐♥✐t✐❛❧ ❢❛❧❧
✐♥ I. ❍♦✇❡✈❡r✱ t❤❡ ✜♥❛❧ r❡s✉❧t ✐s ❛ ❢❛❧❧ ✐♥ I ❛♥❞ ❛ r✐s❡ ✐♥ Y.
✶✽❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✶✶✮ ✇❡ ❣❡t dI
dβ
= −I(N−I)J22
Ω
> 0 ❛♥❞ dY
dβ
= I(N−I)J21
Ω
< 0✳ ◆♦t❡ t❤❛t d
dβ
(
Y
∣∣
I˙=0
)
=
I2−NI
θ
< 0 ❛♥❞ d
dβ
(
βN−ν
2β
)
= ν2β2 > 0.
✶✾❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ✇❡ ❣❡t Y
∣∣
I˙=0
= βI
2
−(βN−ν)I+φ
θ
✳ ❍❡r❡ d
dφ
(
Y
∣∣
I˙=0
)
= I
θ
> 0
✷✵❱❡rt✐❝❛❧ ✐♥t❡r❝❡♣t ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ I˙ = 0 ✐s♦❝❧✐♥❡ ❛r❡ Y
∣∣I=0
I˙=0
= φ
θ
❛♥❞ dY
dI
∣∣∣
I˙=0
= 2βI−(βN−ν)
θ
r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ d
dφ
(
Y
∣∣I=0
I˙=0
)
= 1
θ
> 0 ❛♥❞ d
dφ
(
dY
dI
∣∣∣
I˙=0
)
= 0.
✷✶❍❡r❡ dI
dθ
= −Y J22
Ω
> 0 ❛♥❞ dY
dφ
= −J21
Ω
> 0✳
✷✷❆③❛❞ ❛♥❞ ❙❛r❛t❝❤❛♥❞ ✭✷✵✷✵✮
✶✺
✭❛✮ ✇❤❡♥ L < δN ✭❜✮ ✇❤❡♥ L > δN
❋✐❣✉r❡ ✷✳✹✿ ❲❤❡♥ t❤❡r❡ ✐s ❛♥ ❡♠♣❧♦②♠❡♥t ❝❡✐❧✐♥❣
❘❡❝❡♥t❧② ❜❛s❡❞ ♦♥ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ t❤❡ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✱ ❞♦✉❜❧✐♥❣ r❛t❡✱ t❤❡ ❡①t❡♥t ♦❢
t❡st✐♥❣ ❛♥❞ s✉r✈❡✐❧❧❛♥❝❡ ❢❡❡❞❜❛❝❦✱ t❤❡ ■♥❞✐❛♥ ❣♦✈❡r♥♠❡♥t ❤❛s ❞✐✈✐❞❡❞ t❤❡ ❞✐str✐❝ts ✐♥t♦
t❤r❡❡ ③♦♥❡s✿ r❡❞✱ ♦r❛♥❣❡ ❛♥❞ ❣r❡❡♥✳ ❚❤❡② ❤❛✈❡ ❛❧❧♦✇❡❞ ♣r✐✈❛t❡ ❛♥❞ ♣✉❜❧✐❝ s❡❝t♦rs t♦
❜❡ ♦♣❡♥❡❞ ✐♥ ❧❡ss ✐♥❢❡❝t❡❞ ③♦♥❡s ✇✐t❤ ♠❛①✐♠✉♠ ✸✸✪ ✇♦r❦❡rs✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡r❡ ✐s
❛ ❝❡✐❧✐♥❣ ♦❢ ♠❛①✐♠✉♠ ✇♦r❦❡rs t❤❛t ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞✳ ■♥ ♦✉r ♠♦❞❡❧ ❧❡t ✉s ❛ss✉♠❡ t❤❛t
♠❛①✐♠✉♠ ❛ δ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❛❧❧♦✇❡❞ t♦ ✇♦r❦✳ ■♥ t❤✐s s✐♠♣❧❡ ✷✲❞✐♠❡s✐♦♥❛❧
♠♦❞❡❧ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ ❝❡✐❧✐♥❣✳ ❆s ❧♦♥❣ ❛s L ≤ δN t❤❡r❡ ✐s ♥♦ ❝❤❛♥❣❡ ✐♥ ♦✉r r❡s✉❧ts
✭s❡❡ ❋✐❣✉r❡ ✷✳✹❛✮✳ ❍♦✇❡✈❡r✱ ❛s ❋✐❣✉r❡ ✷✳✹❜ ❞❡♣✐❝ts✱ ✐❢ L > δN, t❤❡r❡ ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛♥
❡①❝❡ss ❞❡♠❛♥❞ ❛♥❞ ❛s ❛ r❡s✉❧t t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛❧✇❛②s ✇✐❧❧ ❜❡ ✐♥ ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠✳
❚❤❡s❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝ r❡s✉❧ts ❛r❡ ❡♥❝❛♣s✉❧❛t❡❞ ✐♥ ❚❛❜❧❡ ✷✳✶✳
❚❛❜❧❡ ✷✳✶✿ ■♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ I∗ ❛♥❞ Y ∗
❆t C ❆t B
I∗ Y ∗ I∗ Y ∗
β + − + −
ν − + − +
φ − + − +
θ + − + −
a + − + +
f − + − −
✶✻
✸ ❙■❘✭❙✮ ♠♦❞❡❧✿ ✇❤❡♥ ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ R ❡♥t❡rs t❤❡
♣♦♦❧ ♦❢ S
■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡❞ t❤❛t ✐♥❢❡❝t❡❞ ♣❡rs♦♥s ✉♣♦♥ r❡❝♦✈❡r②✱ ✐♠♠❡❞✐❛t❡❧② ❜❡❝♦♠❡
s✉s❝❡♣t✐❜❧❡ t♦ ❢✉rt❤❡r ✐♥❢❡❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤✐s ♠❛② ♥♦t ❜❡ t❤❡ ♦♥❧② s❝❡♥❛r✐♦ ❛s s♦♠❡ ♦❢
t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ♠❛② ❞❡✈❡❧♦♣ ❛♥t✐❜♦❞②✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤✐s ♣♦ss✐❜✐❧✐t②✱ ✇❡ ♥♦✇
❛ss✉♠❡ ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s ❥♦✐♥ t❤❡ ♣♦♦❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s
✭s❡❡ ❋✐❣✉r❡ ✷✳✶❜✮✳ ❚❤❡ ♠❛✐♥ ✐♠♣❧✐❝❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ♦✉r ❢♦r♠❛❧ ❛♥❛❧②s✐s ✐s t❤❛t t❤❡
❞②♥❛♠✐❝❛❧ s②st❡♠ ❜❡❝♦♠❡s ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ❛s ♥♦✇✱ ❛❧♦♥❣ ✇✐t❤ ❞②♥❛♠✐❝s ♦❢ I
❛♥❞ Y, ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❞②♥❛♠✐❝s ♦❢ ❡✐t❤❡r S ♦r R✳ ❚❤❡ r❡❛s♦♥ ✇❤② ✇❡ ♦♥❧② ♥❡❡❞
t❤❡ ❞②♥❛♠✐❝s ♦❢ ❡✐t❤❡r ♦♥❡ ♦❢ S ♦r R ✐s ❜❡❝❛✉s❡ S + I + R = N ✐s ❛ ❝♦♥st❛♥t✳ ■♥ t❤✐s
s❡❝t✐♦♥ ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝❛❧ s②st❡♠✳
I˙ = βSI − νI − φ+ θY ✭✸✳✶✮
Y˙ = ρ[a− (1− b)Y − fI2] ✭✸✳✷✮
S˙ = −βSI + µ(N − S − I) ✭✸✳✸✮
■♥ t❤❡ st❡❛❞② st❛t❡ S˙ = I˙ = Y˙ = 0✳ ❋r♦♠ ❡q✉❛t✐♦♥s ✭✸✳✶✮✱ ✭✸✳✷✮✱ ❛♥❞ ✭✸✳✸✮ ✇❡ ❣❡t
s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ I∗, Y ∗ ❛♥❞ S∗ ❛s
βS∗I∗ − νI∗ − φ+ θY ∗ = 0 ✭✸✳✹✮
a− (1− b)Y ∗ − fI∗2 = 0 ✭✸✳✺✮
− βS∗I∗ + µ(N − S∗ − I∗) = 0 ✭✸✳✻✮
❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ I∗, Y ∗, ❛♥❞ S∗ t❤❛t s✐✲
♠✉❧t❛♥❡♦✉s❧② s❛t✐s✜❡s ❡q✉❛t✐♦♥s ✭✸✳✹✮✱ ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ✐♥❢❡❝t❡❞
✐♥❞✐✈✐❞✉❛❧s✱ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ❞❡♣❡♥❞ ♦♥ β, ν, µ,
θ✱ a, f, b ❛♥❞ N. ❍♦✇❡✈❡r✱ t❤❡ st❡❛❞② st❛t❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t
♣❛r❛♠❡t❡rs ρ.
❚♦ ❛♥❛❧②③❡ t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ❧✐♥❡❛r✐③❡ t❤❡ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ✭✸✳✶✮✱ ✭✸✳✷✮✱ ❛♥❞ ✭✸✳✸✮ ❛r♦✉♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❣❡t

 I˙Y˙
S˙

 =

 J11 J12 J13J21 J22 J23
J31 J32 J33



 I − I
∗
Y − Y ∗
S − S∗

 ✭✸✳✼✮
✶✼
✇❤❡r❡ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J ❛r❡ ❣✐✈❡♥ ❜②
J11 =
∂I˙
∂I
= (βS − ν) ≷ 0 ✭✸✳✽✮
J12 =
∂I˙
∂Y
= θ > 0 ✭✸✳✾✮
J13 =
∂I˙
∂S
= βI > 0 ✭✸✳✶✵✮
J21 =
∂Y˙
∂I
= −2ρfI < 0 ✭✸✳✶✶✮
J22 =
∂Y˙
∂Y
= −(1− b)ρ < 0 ✭✸✳✶✷✮
J23 =
∂Y˙
∂S
= 0 ✭✸✳✶✸✮
J31 =
∂S˙
∂I
= −(βS + µ) < 0 ✭✸✳✶✹✮
J32 =
∂S˙
∂Y
= 0 ✭✸✳✶✺✮
J33 =
∂S˙
∂S
= −(βI + µ) < 0 ✭✸✳✶✻✮
❊q✉❛t✐♦♥s ✭✸✳✽✮✲✭✸✳✶✻✮ ❛r❡ ❛❧❧ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ st❡❛❞② st❛t❡✳ ❲❡ ♦♥❝❡ ❛❣❛✐♥ ❞♦ ❛✇❛② ✇✐t❤
t❤❡ s✉♣❡rs❝r✐♣t ✏∗✑ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ▼♦st ❡❧❡♠❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❤❛✈❡ t❤❡ s❛♠❡
✐♥t❡r♣r❡t❛t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✷ ❡①❝❡♣t ❛ ❢❡✇✳ J11 r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥
t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s
t❤❡♠s❡❧✈❡s✳ ❆s ♠♦r❡ ✐♥❞✐✈✐❞✉❛❧s ❣❡t ✐♥❢❡❝t❡❞✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❤❡ ♠♦r❡ ✐s t❤❡ ❝❤❛♥❝❡ t❤❛t
t❤❡ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛❧s♦ ❣❡ts ✐♥❢❡❝t❡❞✳ ■❢ t❤❡r❡ ❛r❡ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s✉s❝❡♣t✐❜❧❡
✐♥❞✐✈✐❞✉❛❧s t❤❡♥ βS ❝❛♥ ♦✉t✇❡✐❣❤ t❤❡ r❡❝♦✈❡r② r❛t❡✱ ν ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❡q✉❛t✐♦♥ ✭✸✳✽✮
❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳ ❖t❤❡r✇✐s❡✱ t❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s✳ J13 r❡♣r❡s❡♥ts t❤❡ ❡✛❡❝t ♦❢ ❛ r✐s❡ ✐♥
t❤❡ ♣♦♦❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ♦♥ t❤❡ ♣♦♦❧ ♦❢ ✐♥❢❡❝t❡❞ ♣❡♦♣❧❡✳ ❆s S r✐s❡s✱ ❜❡❝❛✉s❡ ♦❢
t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✐t ❛♥❞ I✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s r✐s❡s✳ ❆ r✐s❡ ✐♥ I
❛✛❡❝ts t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣♦♦❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ♥❡❣❛t✐✈❡❧② ✭✐t ✐s ❝❛♣t✉r❡❞ ❜② J31✮✳
❆s I r✐s❡s✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ S ❛♥❞ I✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s
r✐s❡s✳ ❈❡t❡r✐s ♣❛r✐❜✉s✱ t❤✐s ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ S ❜② βS ✉♥✐ts✳ ❋✉rt❤❡r✱ ❛s I r✐s❡s✱ R ❢❛❧❧s ❜②
µ ✉♥✐ts ❢♦r ❛♥② ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ N ❛♥❞ S. ❚♦❣❡t❤❡r t❤❡② ✐♠♣❧② t❤❛t ✐♥❝r❡❛s❡s ✐♥ I ♥❡❣❛t✐✈❡❧②
❛✛❡❝ts S˙ ❜② (βS + µ) ✉♥✐ts✳ ❙✐♠✐❧❛r❧②✱ J33 ✭t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢
s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s t❤❡♠s❡❧✈❡s✮
✐s ❛❧s♦ ♥❡❣❛t✐✈❡✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✭✸✳✼✮ ✐s ❣✐✈❡♥ ❜②
λ3 + a1λ
2 + a2λ+ a3 = 0 ✭✸✳✶✼✮
✶✽
✇❤❡r❡ λ ❞❡♥♦t❡s ❛ ❝❤❛r❛❝t❡r✐st✐❝ r♦♦t✳ ❈♦❡✣❝✐❡♥ts ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✶✼✮ ❛r❡✿
a1 = −trJ = −(J11 + J22 + J33), ✭✸✳✶✽✮
a2 =
∣∣∣∣∣ J22 00 J33
∣∣∣∣∣+
∣∣∣∣∣ J11 J13J31 J33
∣∣∣∣∣+
∣∣∣∣∣ J11 J12J21 J22
∣∣∣∣∣ = J22J33+J11J33−J13J31+J11J22−J12J21,
✭✸✳✶✾✮
a3 = −❉❡tJ = −J11J22J33 + J12J21J33 + J13J22J31 ✭✸✳✷✵✮
✇❤❡r❡ −a1 = trJ ❞❡♥♦t❡s t❤❡ tr❛❝❡ ♦❢ J ❀ a2 ✱ t❤❡ s✉♠ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ♠✐♥♦rs✬ ❞❡t❡r♠✐✲
♥❛♥ts❀ ❛♥❞ −a3 = ❉❡tJ , t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ J ✳
❚❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❧♦❝❛❧ st❛❜✐❧✐t② ✐s t❤❛t ❛❧❧ ❝❤❛r❛❝t❡r✐st✐❝
r♦♦ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♠✉st ❤❛✈❡ ♥❡❣❛t✐✈❡ r❡❛❧ ♣❛rts✱ ✇❤✐❝❤✱ ❢r♦♠ ❘♦✉t❤✕❍✉r✇✐t③
❝♦♥❞✐t✐♦♥✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ a1 > 0✱ a2 > 0✱ a3 > 0✱ ❛♥❞ a1a2 − a3 > 0. ▲❡t ✉s ✐♥✈❡st✐❣❛t❡
✇❤❡t❤❡r t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✳ ■t ❤❡❧♣s t♦ ❡①♣r❡ssa1✱ a2✱ a3 ❛♥❞ a1a2 − a3 ❛s ❢✉♥❝t✐♦♥s
♦❢ ρ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✳
a1 ≡ a1(ρ) = {ν + µ+ β(I − S)}︸ ︷︷ ︸
≡A≷0
+ (1− b)︸ ︷︷ ︸
+
ρ = A+ (1− b)ρ. ✭✸✳✷✶✮
a2 ≡ a2(ρ) =

{ν + µ+ β(I − S)}︸ ︷︷ ︸
≡A≷0
(1− b)︸ ︷︷ ︸
+
+ 2θfI︸ ︷︷ ︸
+

︸ ︷︷ ︸
≡C≷0
ρ+{v(βI + µ) + βµ(I − S)}︸ ︷︷ ︸
≡D≷0
= Cρ+D
a3 ≡ a3(ρ) =

(1− b)︸ ︷︷ ︸
+
{v(βI + µ) + βµ(I − S)}︸ ︷︷ ︸
≡D≷0
+ 2θfI(βI + µ)︸ ︷︷ ︸
+


︸ ︷︷ ︸
≡F≷0
ρ = Fρ. ✭✸✳✷✷✮
a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+/−
ρ2 + {AC + (1− b)D − F}︸ ︷︷ ︸
+/−
ρ+ AD︸︷︷︸
+/−
✭✸✳✷✸✮
❆❧♦♥❣ ✇✐t❤ t❤❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ a1, a2, a3✱ ❢♦r ❛❝❤✐❡✈✐♥❣ st❛❜✐❧✐t② ξ(ρ) = a1a2 − a3 ❛❧s♦
❤❛s t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❋✐❣✉r❡ ✸✳✶ ✫ ✸✳✷ r❡♣r❡s❡♥ts ✇❤❡t❤❡r✴✇❤❡♥ t❤❡ s✐❣♥ ♦❢ ξ(ρ) ✐s ♣♦s✐t✐✈❡✳
❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✉r❡ ✸✳✶❛ s❤♦✇s t❤❛t ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ ρ ✭s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t
♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t✮✱ t❤❡ ❡❝♦♥♦♠② ✐s ❧♦❝❛❧❧② st❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❋✐❣✉r❡
✸✳✶❜ s❤♦✇s t❤❛t ✇❤❡♥ ρ < ρˆ1 ♦r ρ > ρˆ2 t❤❡ ❡❝♦♥♦♠② ✐s st❛❜❧❡✳
❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ r❡❧❛t❡❞ t♦ st❛❜✐❧✐t②✳
Pr♦♣♦s✐t✐♦♥ ✷✳ ❙✉♣♣♦s❡ A, D, ❛♥❞ {AC+(1− b)D−F} ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤❡♥ ✐rr❡s♣❡❝t✐✈❡
♦❢ t❤❡ s✐③❡ ♦❢ ρ, t❤❡ st❡❛❞② st❛t❡ ✐s ❧♦❝❛❧❧② st❛❜❧❡✳
✶✾
✭❛✮ C > 0, AD > 0 ✫ {AC+(1−b)D−F} > 0 ✭❜✮ C > 0, AD > 0 ✫ {AC+(1−b)D−F} < 0
✭❝✮ C > 0,AD < 0 ✫ {AC+(1− b)D−F} > 0 ✭❞✮ C > 0, AD < 0 ✫ {AC+(1−b)D−F} < 0
❋✐❣✉r❡ ✸✳✶✿ ❉✐❛❣r❛♠ ♦❢ a1a2❂a3 ≡ ξ(ρ)
✭❛✮ C < 0, AD < 0 ✫ {AC+(1−b)D−F} > 0 ✭❜✮ C < 0, AD < 0 ✫ {AC+(1−b)D−F} < 0
❋✐❣✉r❡ ✸✳✷✿ ❉✐❛❣r❛♠ ♦❢ a1a2❂a3 ≡ ξ(ρ)
Pr♦♦❢✳ A > 0 ✐♠♣❧✐❡s C > 0 ✇❤❡r❡❛s ❛ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ D ❡♥s✉r❡s F > 0. A > 0
❡♥s✉r❡s a1 t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s C ❛♥❞ D ❜♦t❤ ❛r❡ ♣♦s✐t✐✈❡ a2 ♠✉st ❜❡
♣♦s✐t✐✈❡✳ F > 0 ❡♥s✉r❡s a3 > 0. AD ❛♥❞ (1− b)C ❛r❡ ❛❧s♦ ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r t❤❡ s✐❣♥ ♦❢
{AC + (1 − b)D − F} ✐s ❛♠❜✐❣✉♦✉s✳ ❆s ❤❡r❡ {AC + (1 − b)D − F} > 0✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢
t❤❡ ✈❛❧✉❡ ♦❢ ρ✱ ξ(ρ) ✐s ♣♦s✐t✐✈❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❛✮✳ ❍❡♥❝❡ t❤❡ st❡❛❞② st❛t❡ ✐s st❛❜❧❡✳ ◆♦t❡
t❤❛t ❛s ∂a1
∂ν
= 1 > 0✱ ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❢❛❧❧ ✐♥ ν ❝❛♥ ♠❛❦❡ a1 ♥❡❣❛t✐✈❡ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②
t❤❡ s②st❡♠ ❜❡❝♦♠❡s ✉♥st❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ∂a1
∂β
= (I − S) ❛♥❞ ❛s ❧♦♥❣ ❛s I < S,
❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ r✐s❡ ✐♥ β ❝❛♥ ♠❛❦❡ a1 ♥❡❣❛t✐✈❡✳ ❚❤❡r❡❢♦r❡ ❛ ❧♦✇ ✐♥❢❡❝t✐♦♥ r❛t❡ (β) ✐s
❝♦♥❞✉❝✐✈❡ ❢♦r t❤❡ ❛❝❤✐❡✈❡♠❡♥t ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ a1 > 0 ❢♦r ❧♦❝❛❧ st❛❜✐❧✐t②✳
Pr♦♣♦s✐t✐♦♥ ✷ ✐s ❜❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r t✇♦ ❝✐r❝✉♠st❛♥❝❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ✇❤❡♥ t❤❡ ♥✉♠❜❡r
✷✵
♦❢ ■♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ✭I) ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s (S). ■♥
t❤❛t ❝❛s❡ (I − S) ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❡♥s✉r❡s A ❛s ✇❡❧❧ ❛s D t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❚❤❡ s❡❝♦♥❞
♣♦ss✐❜❧❡ s❝❡♥❛r✐♦ ✐s ✇❤❡♥ I < S ✭✇❤✐❝❤ ✐s s♦ ❢❛r t❤❡ ❝❛s❡ ❛♥❞ ❧❡t✬s ❤♦♣❡ t❤✐s t♦ ❤♦❧❞ ✐♥
❢✉t✉r❡ ❛s ✇❡❧❧✮ ❜✉t t❤❡ ✐♥❢❡❝t✐♦♥ r❛t❡ (β) ✐s ✇❡❛❦✱ ❛♥❞ t❤❡ r❡❝♦✈❡r r❛t❡ (ν) ✐s ✈❡r② ❤✐❣❤✳ ❆
s✉✣❝✐❡♥t❧② ✇❡❛❦ β ❛♥❞ ❛ ❤✐❣❤ ✈❛❧✉❡ ♦❢ ν ♠❛② ♠❛❦❡ A = {ν + µ+ β(I − S)} > 0. ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❛ ❧♦✇ ✈❛❧✉❡ ♦❢ β ❛♥❞ ❛ ❤✐❣❤ ✈❛❧✉❡ ♦❢ ν ❧❡❛❞s v(βI+µ) t♦ ❞♦♠✐♥❛t❡ βµ(I−S).
❈♦♥s❡q✉❡♥t❧② D ❜❡❝♦♠❡s ♣♦s✐t✐✈❡✳ Pr♦♣❡r ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛✇❛r❡♥❡ss ❛♠♦♥❣ ♣❡♦♣❧❡
t❤r♦✉❣❤ ❝♦♥✈❡♥t✐♦♥❛❧ ❛♥❞ s♦❝✐❛❧ ♠❡❞✐❛✱ ❛ ❢r❡q✉❡♥t ❤❛♥❞ ✇❛s❤✱ ♣r♦♣❡r s♦❝✐❛❧ ❞✐st❛♥❝✐♥❣
❛♥❞ ✐s♦❧❛t✐♦♥✱ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ PP❊ ❦✐ts ❛♠♦♥❣ ❤❡❛❧t❤ ✇♦r❦❡rs ❛s ✇❡❧❧ ❛s t❤♦s❡ ✇♦r❦❡rs ❢♦r
✇❤♦♠ ♠❛✐♥t❛✐♥✐♥❣ s♦❝✐❛❧ ❞✐st❛♥❝❡ ✐s ♥♦t ♣♦ss✐❜❧❡ ❡t❝✳ ❤❛✈❡ ❜❡❛r✐♥❣ ♦♥ t❤❡ ❝♦♠♠✉♥✐t②
❤❡❛❧t❤ ♣❛r❛♠❡t❡r φ ❜✉t ❝❛♥ ❛❧s♦ r❡✢❡❝t ✐♥ ❛ ❧♦✇❡r ✐♥❢❡❝t✐♦♥ r❛t❡ β✳
❙✐♠✐❧❛r t♦ t❤❡ ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ✐♥ t❤❡ ❣♦♦❞s ♠❛r❦❡t (ρ) ❤❛s
✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥s ❢♦r st❛❜✐❧✐t② ❤❡r❡ ❛s ✇❡❧❧✳ ❚❤✐s ♣❛r❛♠❡t❡r ✐♥ ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s
❝❛♥ ❛❧s♦ ❧❡❛❞ t♦ t❤❡ ❡♠❡r❣❡♥❝❡ ❧✐♠✐t ❝②❝❧❡s ✐♥ t❤❡ s②st❡♠✳ ❚❤❡s❡ ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ ❞❡s❝r✐❜❡❞
✐♥ Pr♦♣♦s✐t✐♦♥s ✸ ❜❡❧♦✇✳
Pr♦♣♦s✐t✐♦♥ ✸✳ (i) ❙✉♣♣♦s❡ A ❛♥❞ D ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ {AC + (1− b)D− F} < 0✳ ❚❤❡♥
❧✐♠✐t ❝②❝❧❡s ♦❝❝✉r ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧
✈❛❧✉❡s✳
(ii) ❙✉♣♣♦s❡ A > 0, D < 0, F > 0 ❛♥❞ ρ > −D
C
✳ ❚❤❡♥ ❛ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs ✇❤❡♥ t❤❡ s♣❡❡❞
♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳
(iii) ❙✉♣♣♦s❡ A < 0, C > 0, D < 0, F > 0 ✱ ρ > −A
(1−b)
❛♥❞ ρ > −D
C
✳ ❚❤❡♥ ❧✐♠✐t ❝②❝❧❡s
♦❝❝✉rs ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳
(iv) ❙✉♣♣♦s❡ A < 0, C > 0, D > 0, F > 0 ✱ ❛♥❞ ρ > −A
(1−b)
✳ ❚❤❡♥ ❧✐♠✐t ❝②❝❧❡s ♦❝❝✉rs ✇❤❡♥
t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳
(v) ❙✉♣♣♦s❡ A < 0, C < 0, D > 0, F > 0 ✱ ρ > −A
(1−b)
❛♥❞ ρ < −D
C
✳ ❚❤❡♥ {AC + (1 −
b)D − F} < 0✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ s✐③❡ ♦❢ ρ, ❡♥s✉r❡s t❤❡ ❡❝♦♥♦♠② t♦ ❜❡ ❧♦❝❛❧❧② ✉♥st❛❜❧❡
✇❤❡r❡❛s ❢♦r {AC + (1 − b)D − F} > 0✱ ❧✐♠✐t ❝②❝❧❡s ♦❝❝✉r ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t
♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❡q✉❛❧s t♦ s♦♠❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳✸✳
Pr♦♣♦s✐t✐♦♥ ✸(i) s❛②s t❤❛t ✇❤❡♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t
✐s ♥❡✐t❤❡r t✇♦ ❧❛r❣❡ ♥♦r t♦♦ s♠❛❧❧ t❤❡♥✱ t❤❡ ❧✐♠✐t ❝②❝❧❡s ♠❛② ❡♠❡r❣❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❜✮✳
■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥ ρ ✐s ✈❡r② s♠❛❧❧ ✭✐✳❡✳ s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ ③❡r♦✮✱ t❤❡ ❣♦♦❞s ♠❛r❦❡t ✐s ♥♦t
❛❞❥✉st❡❞ ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞②♥❛♠✐❝ s②st❡♠ t❤❡r❡❢♦r❡ ❜♦✐❧s ❞♦✇♥ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢
✷✶
t❤❡ s✉❜s②st❡♠ t❤❛t ❝♦♥s✐sts ♦❢ I ❛♥❞ S. ❙✉♣♣♦s❡ ✐♥✐t✐❛❧❧② Y ❞❡✈✐❛t❡s ❢r♦♠ ✐ts ❡q✉✐❧✐❜r✐✉♠
♣♦s✐t✐♦♥ ❛♥❞ ✐s ♥♦✇ ❤✐❣❤❡r t❤❛♥ ✐ts ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡✳ ❆ r✐s❡ ✐♥ Y t❤r♦✉❣❤ ❡q✉❛t✐♦♥
✭✸✳✾✮ r❛✐s❡s I. ❚❤✐s r✐s❡ ✐♥ I ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✹✮ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ S. ❆ ❢❛❧❧
✐♥ t❤✐s S t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ❝❛✉s❡s ❛ ❢❛❧❧ ✐♥ I✳ ❚❤✐s ❢❛❧❧ ✐♥ I✱ t❤r♦✉❣❤ ❡q✉❛t✐♦♥
✭✸✳✶✹✮✱ ✐♥❝r❡❛s❡s S ✇❤✐❝❤ ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✵✮ ✐♥❝r❡❛s❡s I. ❚❤✐s ❝②❝❧❡ ❣♦❡s ♦♥
✉♥t✐❧ t❤❡ ✐♥✐t✐❛❧ st❡❛❞② st❛t❡ ✐s r❡❛❝❤❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s✉❜s②st❡♠
♦❢ I❛♥❞ ❙ ❛r❡ st❛❜❧❡✳ ❙❡❝♦♥❞✱ ✇❤❡♥ ρ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡ ❣♦♦❞s ♠❛r❦❡t ✐s ❛❞❥✉st❡❞
✐♥st❛♥t❛♥❡♦✉s❧② ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ♦♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠
❞♦❡s ♥♦t ❧❛st✳ ■♥ t❤✐s ❝❛s❡✱ t♦♦✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞②♥❛♠✐❝ s②st❡♠ ❛♠♦✉♥ts t♦ t❤❡
❛♥❛❧②s✐s ♦❢ t❤❡ s✉❜s②st❡♠ t❤❛t ❝♦♥s✐sts ♦❢ I ❛♥❞ S✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ ρ t❛❦❡s ❛♥ ✐♥t❡r♠❡❞✐❛t❡
✈❛❧✉❡✱ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛❞❥✉sts ✇✐t❤ ❛ ❧❛❣✳ ❚❤❡ ❣♦♦❞s ♠❛r❦❡t t❤❡r❡❢♦r❡ ❤❛s ❛ ❧❛st✐♥❣
❡✛❡❝t ♦♥ t❤❡ ❞②♥❛♠✐❝❛❧ s②st❡♠ ❛♥❞✱ ❛❝❝♦r❞✐♥❣❧②✱ ❝②❝❧✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❝❝✉r✳
Pr♦♣♦s✐t✐♦♥ ✸(ii) s❤♦✇s t❤❛t ❛ ✇❡❛❦❡r s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t
❝❛✉s❡s ❞❡st❛❜✐❧✐③❛t✐♦♥ ✐♥ t❤❡ s②st❡♠✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ s②st❡♠ ✐s ♦r✐❣✐♥❛❧❧② ❛t ❛ st❡❛❞②
st❛t❡ ❛♥❞ t❤❡r❡ ✐s ❛ s✉❞❞❡♥ r✐s❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s I. ■♥ t❤✐s s✐t✉❛t✐♦♥✱
I r❡❝❡✐✈❡s ❛ ♣♦s✐t✐✈❡ ❢❡❡❞❜❛❝❦ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✽✮✷✸✱ ❛♥❞ t❤❡r❡❢♦r❡ ❛ r✐s❡ ✐♥ I ✐♥❝r❡❛s❡s ✐t
❢✉rt❤❡r✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t✳ ❆ r✐s❡ ✐♥ I t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❞❡❝r❡❛s❡s
Y ✇❤✐❝❤ ✐♥ t✉r♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✾✮ ❧❡❛❞s t♦ ❛ ❢❛❧❧ ✐♥ I✳ ❚❤✐s ✐s ❛♥ ✐♥❞✐r❡❝t ❜✉t
st❛❜✐❧✐③✐♥❣ ❡✛❡❝t✳ ❋♦r ❛ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ♦r ✇❡❛❦ ρ, t❤❡ ✐♥❞✐r❡❝t st❛❜✐❧✐③✐♥❣ ❡✛❡❝t ✐s
✇❡❛❦ ❛♥❞ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ❞✐r❡❝t ❞❡st❛❜✐❧✐③✐♥❣ ❡✛❡❝t✳ ❍❡♥❝❡ t❤❡ s②st❡♠ ❜❡❝♦♠❡s
✉♥st❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❤❡♥ ρ ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♦r str♦♥❣✱ t❤❡ ✐♥❞✐r❡❝t ❡✛❡❝t
❞♦♠✐♥❛t❡s t❤❡ ❞✐r❡❝t ❡✛❡❝t ❛♥❞ st❛❜✐❧✐③❡s t❤❡ s②st❡♠✳ ❲❤❡♥ ρ ✐s ❡q✉❛❧ t♦ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡
ρˆ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❝ ❛♥❞✴♦r ✸✳✶❞✮ ✐♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❛♥❣❡ t❤❡♥ ❛ ❧✐♠✐t ❝②❝❧❡ ❡♥s✉❡s✳ ❆
s✐♠✐❧❛r ❦✐♥❞ ♦❢ ❞❡st❛❜✐❧✐③❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✐s ♦❜t❛✐♥❡❞ ❢♦r Pr♦♣♦s✐t✐♦♥ ✸(iv) ❛s ✇❡❧❧✳✷✹ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ ❡♠❡r❣❡♥❝❡ ♦❢ ❧✐♠✐t ❝②❝❧❡s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸(iii) ✐s t❤❡
s❛♠❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸(i)✳ ◆♦t❡ t❤❛t ❡①❝❡♣t ❢♦r t❤❡ ❝❛s❡ r❡❧❛t❡❞ t♦ Pr♦♣♦s✐t✐♦♥ ✸(v)✱
✐♥ ❛❧❧ ♦❢ t❤❡ ❛❜♦✈❡ ❝❛s❡s ✭✐✳❡✳ ❝❛s❡s r❡❧❛t❡❞ t♦ Pr♦♣♦s✐t✐♦♥s ✸(i)− (iv)✮ ❛ ❤✐❣❤❡r s♣❡❡❞ ♦❢
❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t st❛❜✐❧✐③❡s t❤❡ s②st❡♠✳ ●♦✈❡r♥♠❡♥t ❝♦♦♣❡r❛t✐♦♥
❢♦r ❢❛❝✐❧✐t❛t✐♥❣ t❤❡ r❡❡st❛❜❧✐s❤♠❡♥t ♦❢ t❤❡ ❡♠♣❧♦②♠❡♥t ♥❡t✇♦r❦s ❢♦r t❤❡ ✐♥❞✉str✐❡s ❛s
✇❡❧❧ ❛s r❡❡st❛❜❧✐s❤♠❡♥t ♦❢ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧✐♥❦❛❣❡s ❝❛♥ ❜♦♦st t❤❡ s♣❡❡❞ ♦❢
❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛♥❞ ❤❡♥❝❡ ✉♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s ❝❛♥
❡♥s✉r❡ st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠✳ ❆♣♣❡♥❞✐① ❆✳✻ s❤♦✇s ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s r❡❧❛t❡❞
t♦ t❤❡ s✐❣♥s ♦❢ A, C, D, ❛♥❞ F ❛♥❞ t❤❡ ♣♦ss✐❜❧❡ r❡s✉❧ts✳
❚❛❜❧❡ ✸✳✶ s✉♠♠❛r✐③❡s t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛♥❛❧②s✐s ❛ss✉♠✐♥❣ t❤❛t
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❧♦❝❛❧❧② st❛❜❧❡✳ ❍❡r❡ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❛♥ ✐♥t✉✐t✐✈❡ ❞✐s❝✉ss✐♦♥ ♦❢
s♦♠❡ ♦❢ t❤❡s❡ r❡s✉❧ts✳ ❲❡ ♣r♦✈✐❞❡ ❛❧❧ ❞❡t❛✐❧s ♦❢ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ ❆♣♣❡♥❞✐① ❆✳✹✳
✷✸❍❡r❡ D < 0 ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥s✉r❡s (βS − ν) > 0✳
✷✹◆♦t❡ t❤❛t ❤❡r❡ A < 0 ✇❤✐❝❤ ✐♥ t✉r♥ ❡♥s✉r❡s (βS − ν) > 0✳
✷✷
❚❛❜❧❡ ✸✳✶✿ ■♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ♦♥ I∗ ❛♥❞ Y ∗
I∗ Y ∗ S∗
β + − −
ν − + +
φ − + +
θ + − −
a + +/− −
❆ r✐s❡ ✐♥ φ, t❤❡ ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ✐♥❞❡①✱ r❛✐s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ✭❛♥❞ ❤❡♥❝❡
❡♠♣❧♦②♠❡♥t ❧❡✈❡❧✮ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s S, ✇❤❡r❡❛s I ❢❛❧❧s✳ ❲❡ ❣❡t
❛ s✐♠✐❧❛r ❦✐♥❞ ♦❢ r❡s✉❧t ❢♦r ❛ r✐s❡ ✐♥ ν✳ ❚❤✉s ❛♥ ❡✛❡❝t✐✈❡ ❤❡❛❧t❤ s❡❝t♦r ✐♥ ♣r♦✈✐❞✐♥❣ t✐♠❡❧②
❛✐❞ ❛♥❞ ❝❛r❡ t♦ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s✱ ❛ str✐❝t❡r ❛❞❤❡r❡♥❝❡ t♦ s♦❝✐❛❧ ❞✐st❛♥❝✐♥❣ ♥♦r♠s✱ ❞✐❧✐❣❡♥t
❝♦♥t❛❝t tr❛❝✐♥❣ ❛♥❞ ❧❛r❣❡✲s❝❛❧❡ t❡st✐♥❣ ❝❛♥ ❞❡❝r❡❛s❡ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞
✐♥❝r❡❛s❡ t❤❡ ♦✉t♣✉t ❧❡✈❡❧✳ ◆♦t❡ t❤❛t ✇❡ ♦❜t❛✐♥❡❞ ❛ q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥
✷ ❛s ✇❡❧❧✳ ❆ r✐s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✐♥❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ I ❛♥❞
❞❡❝r❡❛s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ S. ❍♦✇❡✈❡r✱ ✐ts ❡✛❡❝t ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t
✐s ❛♠❜✐❣✉♦✉s ❛♥❞ ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r D = [ν(βI + µ) + βµ(I❂S)] > 0 ♦r ♥♦t✳ ❆
✈❡r② ❤✐❣❤ r❡❝♦✈❡r② r❛t❡ ν, ✭❛s ❧♦♥❣ ❛s I < S✮ ❛ s♠❛❧❧ ✐♥❢❡❝t✐♦♥ r❛t❡ β, ❛♥❞✴♦r ❛ ❧♦✇❡r
❧❡✈❡❧ ♦❢ s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧ S ❛r❡ ❝♦♥❞✉❝✐✈❡ ❢♦r D t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♥
❡①♣❛♥s✐♦♥❛r② ✜s❝❛❧ ♣♦❧✐❝② ❧❡❛❞s t♦ ❛ r✐s❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t♣✉t ❧❡✈❡❧✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❢♦r ❛ s♠❛❧❧❡r ✈❛❧✉❡ ♦❢ ν✱ ❛ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢ β ❛♥❞✴♦r ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ S ❡①❛❝t❧② t❤❡
♦♣♣♦s✐t❡ ❤❛♣♣❡♥s✳
✹ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
■♥ t❤✐s s❡❝t✐♦♥✱ ✉s✐♥❣ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❡ s❤♦✇ t❤❛t ❧✐♠✐t ❝②❝❧❡s ❝❛♥ ♦❝❝✉r✳
◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs ❛❧♦♥❣ ✇✐t❤ ✈❛❧✉❡s ♦❢ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ st❡❛❞② st❛t❡
✈❛❧✉❡s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✳ ❇❛s❡❞ ♦♥ ❙■❘❉ ♠♦❞❡❧✱ ❈❤❛tt❡r❥❡❡ ❡t✳ ❛❧ ✭✷✵✷✵✮ st✉❞②
t❤❡ ❈❖❱■❉✲✶✾ ✐♥❢❡❝t✐♦♥ ✐♥ ■♥❞✐❛ ❛♥❞ ✜♥❞ t❤❡ r❛t❡ ♦❢ ✐♥❢❡❝t✐♦♥✱ β = 0.2945 ♣❡r ❞❛②✱ r❛t❡
♦❢ r❡❝♦✈❡r②✱ ν = 0.073 ♣❡r ❞❛② ❛♥❞ t❤❡ ❞❡❛t❤ r❛t❡ ❡q✉❛❧s t♦ 0.0028 ♣❡r ❞❛②✳ ❲❡ s❡t
ν = 0.075 ✇❤✐❝❤ ✇❡ t❤✐♥❦ ✐s ❛ ❞❡❝❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ■♥❞✐❛✳ ❇♦s❡ ❛♥❞ ❇❤❛♥✉♠✉rt❤②
✭✷✵✶✺✮ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ♠✉❧t✐♣❧✐❡r ❛s ✷✳✹✺✳ ❲❡ s❡t b = 0.6
✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❛✉t♦♥♦♠♦✉s ♠✉❧t✐♣❧✐❡r t♦ ❜❡ ✷✳✺✳ ❋♦r ❡❛❝❤ ❝❛s❡✱ ✇❡ ❞r❛✇ t❤❡ s♦❧✉t✐♦♥
♣❛t❤ ❢r♦♠ t = 0 t♦ t = 200✳
❋✐❣✉r❡ ✹✳✶❛ s❤♦✇s ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡ (I, Y ) ♣❧❛♥❡ ❢♦r Pr♦♣♦s✐t✐♦♥ ✶✳ ❋✐❣✉r❡ ✹✳✶❜ s❤♦✇s
t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ✭❜❧❛❝❦ ❝♦❧♦✉r✮ ❛♥❞ t❤❡ ❡❝♦♥♦♠✐❝
♦✉t♣✉t ✭r❡❞ ❝♦❧♦✉r✮✳ ❈♦♥s✐❞❡r✐♥❣ ρ = 0.8 > ρˆ ✇❡ ❣❡t t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡
✷✸
❚❛❜❧❡ ✹✳✶✿ ▲✐st ♦❢ ♣❛r❛♠❡t❡rs✱ ✐♥✐t✐❛❧ ✈❛❧✉❡s✱ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡s
P❛r❛♠❡t❡rs ■♥✐t✐❛❧ ❱❛❧✉❡s ❊q✉✐❧✐❜r✐✉♠ ❱❛❧✉❡s
β N ν φ θ a b f µ ρˆ I(0) Y (0) S(0) I∗ Y ∗ S∗
Pr✳ 1 ✵✳✵✸ ✶✹ ✵✳✵✼✶✷ ✸ ✵✳✽ ✸ ✵✳✻ ✵✳✾ ✲ ✵✳✻✻✺✵✼ ✶✳✸✽ ✸✳✸ ✲ ✶✳✸✼✾✷ ✸✳✷✷ ✲
Pr✳ 3(ii) ✵✳✵✸ ✶✹ ✵✳✵✼✺ ✸ ✵✳✼ ✸ ✵✳✻ ✵✳✾ ✵✳✺ ✵✳✻✽✷✽ ✶✳✹ ✹ ✶✸ ✶✳✷✽✼✶ ✸✳✼✼✷✻ ✶✶✳✽✵✷
Pr✳ 3(i) ✵✳✵✷✾ ✶✹ ✵✳✷ ✸ ✵✳✽ ✸ ✵✳✻ ✵✳✾ ✵✳✶ ✵✳✶✺✽✾ ✶✳✷ ✸✳✻ ✾✳✻ ✶✳✸✵✾✼ ✸✳✻✹✵✽ ✾✳✶✾✼✷
✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, Y ) ♣❧❛♥❡✿
❛♥ st❛❜❧❡ ❧✐♠✐t ❝②❝❧❡ ♦❝❝✉rs
✭❜✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✲
✐❝s ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶ ✭✇❤❡♥
ρ = ρˆ =✵✳✻✻✺✵✼✮
✭❝✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢
Pr♦♣♦s✐t✐♦♥ ✶ ✭✇❤❡♥ ρ = 0.8 > ρˆ)
❋✐❣✉r❡ ✹✳✶✿ ❉✐❛❣r❛♠s ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶
st❛❜❧❡ st❡❛❞② st❛t❡ ✐♥ ❋✐❣✉r❡ ✹✳✶❝✳ ◆♦t❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ✐s ♥♦t ❛ ♣❡r❢❡❝t ❝❧♦s❡❞ ♦r❜✐t
✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❝❧♦s❡ t♦ t❤❡ ❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠ t❤❡ s♦❧✉t✐♦♥
♣❛t❤ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡❛s ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡
❧♦♥❣✲r✉♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ s♦❧✉t✐♦♥ ♣❛t❤ ❞✐✈❡r❣❡s ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳ ❆s ❛ r❡s✉❧t✱ ✇❡
❝♦♥✜r♠ t❤❛t ✐♥ t❤✐s ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡✱ t❤❡ s✉❜✲❝r✐t✐❝❛❧ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛♥❞ t❤❡
♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥ ✐s ✉♥st❛❜❧❡✳
❋♦r Pr♦♣♦s✐t✐♦♥ 3(ii) ✇❡ ❣❡t A = 0.259553 > 0, C = 1.7255672 > 0, D = −0.117327525 <
0, F = 0.756165953 > 0, ❛♥❞ [AC + (1 − b)D − F ] = −0.35522082 < 0 ❛♥❞ 0.6828 =
ρˆ > −D
C
= 0.067993599✳ ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s r❡q✉✐r❡❞ ❢♦r Pr♦♣♦s✐t✐♦♥ 3(ii) ❛r❡ s❛t✐s✜❡❞✳
❋✐❣✉r❡ ✹✳✷❛ ❞✐s♣❧❛②s t❤❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❋✐❣✉r❡s ✹✳✷❜✱
✹✳✷❝✱ ❛♥❞ ✹✳✷❞ s❤♦✇ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡ (I, Y )✱ (I, S)✱ ❛♥❞ (Y, S)✲♣❧❛♥❡s✳ ■♥ t❤❡ (I, Y ),
❛♥❞ (Y, S) ♣❧❛♥❡s ❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❡♠❡r❣❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♣❛tt❡r♥ ✐s ♥♦t ✈❡r② ❝❧❡❛r ✐♥ (I, S)
♣❧❛♥❡✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✹✳✷❡ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ I, Y, ❛♥❞ S✳ ❇❧❛❝❦✱ r❡❞✱
❛♥❞ ♦r❛♥❣❡ ❝♦❧♦✉r r❡♣r❡s❡♥t I, Y ❛♥❞ S ❞②♥❛♠✐❝s r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥s✐❞❡r✐♥❣ ρ > ρˆ ✇❡ ❣❡t
t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ ✐♥ ❋✐❣✉r❡ ✹✳✷❢✳
❋♦r Pr♦♣♦s✐t✐♦♥ 3(i) ✇❡ ❣❡t A = 0.712625 > 0, C = 1.914473 > 0, D = 0.00472251 > 0,
F = 0.200582076 > 0, ❛♥❞ [AC+(1− b)D−F ] = −0.06226296 < 0✳ ❙♦ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s
r❡q✉✐r❡❞ ❢♦r Pr♦♣♦s✐t✐♦♥ 3(i) ❛r❡ s❛t✐s✜❡❞✳ ❋✐❣✉r❡ ✹✳✸❛ ❞✐s♣❧❛②s t❤❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥
✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❋✐❣✉r❡s ✹✳✸❜✱ ✹✳✸❝✱ ❛♥❞ ✹✳✸❞ s❤♦✇ ❝②❝❧✐❝❛❧ ♣❛tt❡r♥s ✐♥ t❤❡
(I, Y )✱ (I, S)✱ ❛♥❞ (Y, S)✲♣❧❛♥❡s✳ ■♥ t❤❡ ❛❧❧ t❤r❡❡ ♣❧❛♥❡s ✐✳❡✳ (I, Y ), (Y, S) ❛♥❞ (I, S)✲
♣❧❛♥❡s ❝❧♦❝❦✇✐s❡ ❝②❝❧❡s ❡♠❡r❣❡✳ ❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✹✳✸❡ s❤♦✇s t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢
✷✹
✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, Y, S) ♣❧❛♥❡ ✭❜✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, Y ) ♣❧❛♥❡
✭❝✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, S) ♣❧❛♥❡ ✭❞✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (Y, S) ♣❧❛♥❡
✭❡✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ II ♣❛rt ♦❢ Pr♦♣♦✲
s✐t✐♦♥ 3(ii) ✇❤❡♥ ρ = ρˆ = 0.6828
✭❢✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ ♣❛rt ♦❢ Pr♦♣♦s✐✲
t✐♦♥ 3(ii) ✭✇❤❡♥ ρ > ρˆ)✳
❋✐❣✉r❡ ✹✳✷✿ ❉✐❛❣r❛♠s ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ Pr♦♣♦s✐t✐♦♥ 3(ii)
✷✺
✭❛✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, Y, S) ♣❧❛♥❡ ✭❜✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, Y ) ♣❧❛♥❡
✭❝✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (I, S) ♣❧❛♥❡ ✭❞✮ ❙♦❧✉t✐♦♥ ♣❛t❤s ✐♥ (Y, S) ♣❧❛♥❡
✭❡✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ Pr♦♣♦s✐t✐♦♥ 3(i)
✇❤❡♥ ρ = ρˆ1 = 0.1589
✭❢✮ ❚r❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ♦❢ Pr♦♣♦s✐t✐♦♥ 3(i)
✭✇❤❡♥ ρ = 0.22 > ρˆ)✳
❋✐❣✉r❡ ✹✳✸✿ ❉✐❛❣r❛♠s ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ Pr♦♣♦s✐t✐♦♥ 3(i)
✷✻
I, Y, ❛♥❞ S✳ ❈♦♥s✐❞❡r✐♥❣ ρ = 0.22 > ρˆ ✇❡ ❣❡t t❤❡ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s ❢♦r t❤❡ st❛❜❧❡
st❡❛❞② st❛t❡ ✐♥ ❋✐❣✉r❡ ✹✳✸❢✳
✺ ❈♦♥❝❧✉s✐♦♥
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ❛♥❞ ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ ✐♥❢❡❝t✐♦✉s ❞✐s❡❛s❡ ✇❡ ❡①t❡♥❞❡❞
t❤❡ ❙■❘✭❙✮ ♠♦❞❡❧ ♦❢ ✐♥❢❡❝t✐♦✉s ❞✐s❡❛s❡s ❛♥❞ tr✐❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ ❝✉rr❡♥t s❡✈❡r❡ s✐t✉❛✲
t✐♦♥ ❛♥❞ ✐♠♣❡♥❞✐♥❣ ❤❡❛❧t❤ ❛♥❞ ❡❝♦♥♦♠✐❝ ❝r✐s✐s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ■♥❞✐❛✳ ■♥ ❙❡❝t✐♦♥ ✷✱
✇❡ ❛ss✉♠❡❞ t❤❛t ❛ r❡❝♦✈❡r❡❞ ♣❡rs♦♥ ✐♠♠❡❞✐❛t❡❧② ❧♦s❡s ✐♠♠✉♥✐t② ❛♥❞ ❡♥t❡rs t❤❡ ♣♦♦❧ ♦❢
s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s✳ ❲❡ ❢♦✉♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛✲ ♦♥❡ ♦❢ ✇❤✐❝❤
✐s ✉♥st❛❜❧❡✳ ❚❤❡ ♣❡r✈❛s✐✈❡♥❡ss ♦❢ t❤❡ ❞✐s❡❛s❡ ❝r❡❛t❡s ♣❛♥✐❝ ❛♠♦♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❢♦r❝❡
t❤❡♠ t♦ ❝✉t ❞♦✇♥ t❤❡ s♣❡♥❞✐♥❣ ♦♥ ♥♦♥✲❡ss❡♥t✐❛❧ ❝♦♠♠♦❞✐t✐❡s✳ ■t ❞❛♠♣❡♥s t❤❡ ❛♥✐♠❛❧
s♣✐r✐ts ♦❢ t❤❡ ✐♥✈❡st♦rs✳ ❚❤❡r❡❢♦r❡ t❤❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢
✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❯♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ✜♥❞ ❛ ❝♦✉♥t❡r✐♥t✉✐t✐✈❡ r❡s✉❧t t❤❛t ❛
❝♦♥tr❛❝t✐♦♥❛r② ✜s❝❛❧ ♣♦❧✐❝② ♠❛② ❤❡❧♣ t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞
♠❛② ✐♠♣r♦✈❡ t❤❡ ❡❝♦♥♦♠② ✭❛♥❞ ❤❡♥❝❡ ✐♠♣r♦✈❡ t❤❡ ❧❛❜♦✉r ❡♠♣❧♦②♠❡♥t✮✳ ❍♦✇❡✈❡r✱ ✐t
♠❛❦❡s t❤❡ s②st❡♠ ♠♦r❡ ❢r❛❣✐❧❡✳ ❆ ❢✉rt❤❡r ❝♦♥tr❛❝t✐♦♥❛r② ✜s❝❛❧ ♣♦❧✐❝② ♠❛② ❞❡st❛❜✐❧✐③❡ t❤❡
❡♥t✐r❡ s②st❡♠ ❛❧t♦❣❡t❤❡r✳ ❘❛t❤❡r✱ ❛ ♠❛ss✐✈❡ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❛❧♦♥❣ ✇✐t❤ s♦♠❡ ♣r♦❜❛❜❧❡
♠❡❛s✉r❡s s✉❝❤ ❛s ✐♠♣r♦✈❡♠❡♥t ✐♥ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❤❡❛❧t❤ s❡❝t♦r ✐♥ ♣r♦✈✐❞✐♥❣ t✐♠❡❧② ❛✐❞
❛♥❞ ❝❛r❡ t♦ ✐♥❢❡❝t❡❞ ♣❡rs♦♥s✱ ♣✉❜❧✐❝ ❤❡❛❧t❤ ✈✐❣✐❧❛♥❝❡ ❛♥❞ ❝♦♥tr♦❧✱ str✐❝t❡r ❛❞❤❡r❡♥❝❡ t♦
s♦❝✐❛❧ ❞✐st❛♥❝✐♥❣ ♥♦r♠s✱ ❞✐❧✐❣❡♥t ❝♦♥t❛❝t tr❛❝✐♥❣ ❛♥❞ ❧❛r❣❡✲s❝❛❧❡ t❡st✐♥❣ ❛♥❞ s❡❣r❡❣❛t✐♥❣
t❤❡ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❢r♦♠ ♦t❤❡rs✱ ❛ ❧❛r❣❡ s❝❛❧❡ ✉s❡ ♦❢ PP❊ ❡t❝✳ ❝❛♥ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r
♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r
❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ✐❢ t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❢❛❧❧s t♦
❛ ❝❡rt❛✐♥ ❧❡✈❡❧✱ ❛♥ ❡♥❞♦❣❡♥♦✉s ❝②❝❧❡ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧
❡♠❡r❣❡s ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❆ r✐❝❤❡r ❞②♥❛♠✐❝s ✐s ♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ✇❤❡r❡ ✇❡ ❛ss✉♠❡
t❤❛t ✐♥st❡❛❞ ♦❢ ❛❧❧ t❤❡ r❡❝♦✈❡r❡❞ ✐♥❞✐✈✐❞✉❛❧s✱ ♦♥❧② ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡♠ ❡♥t❡rs t❤❡ ♣♦♦❧ ♦❢
s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s✳ ❲❡ ❞✐s❝✉ss❡❞ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✳ ❲❡ s❤♦✇❡❞ t❤❛t ❛
s✉✣❝✐❡♥t❧② ❤✐❣❤ r❛t❡ ♦❢ ✐♥❢❡❝t✐♦♥ ♦r ❛ s✉✣❝✐❡♥t❧② ❧♦✇ r❡❝♦✈❡r② r❛t❡ ❝❛♥ ❞❡st❛❜✐❧✐③❡ t❤❡
s②st❡♠✳ ❲❡ ❛❧s♦ ❢♦✉♥❞ t❤❛t ❛♥ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ♣❡r♣❡t✉❛❧ ❝②❝❧❡ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✱
s✉s❝❡♣t✐❜❧❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ t❤❡ ❡♠♣❧♦②♠❡♥t ❧❡✈❡❧ ❝❛♥ ❡♠❡r❣❡ ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧
s②st❡♠✳ ●♦✈❡r♥♠❡♥t ❝♦♦♣❡r❛t✐♦♥ ❢♦r ❢❛❝✐❧✐t❛t✐♥❣ t❤❡ r❡❡st❛❜❧✐s❤♠❡♥t ♦❢ t❤❡ ❡♠♣❧♦②♠❡♥t
♥❡t✇♦r❦s ❛s ✇❡❧❧ ❛s r❡❡st❛❜❧✐s❤♠❡♥t ♦❢ t❤❡ ❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ❧✐♥❦❛❣❡s ❛♠♦♥❣ ✐♥❞✉s✲
tr✐❡s ❝❛♥ ❜♦♦st t❤❡ s♣❡❡❞ ♦❢ ❛❞❥✉st♠❡♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❣♦♦❞s ♠❛r❦❡t ❛♥❞ ❤❡♥❝❡ ❝❛♥
❡♥s✉r❡ st❛❜✐❧✐t② ✐♥ t❤❡ s②st❡♠✳ ❲❡ s❤♦✇❡❞ t❤❛t ❛ ❜❡tt❡r ❝♦♠♠✉♥✐t② ❤❡❛❧t❤ ❛♥❞ ❛ r✐s❡
✐♥ t❤❡ r❡❝♦✈❡r② r❛t❡ r❛✐s❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ s✉s❝❡♣t✐❜❧❡
✐♥❞✐✈✐❞✉❛❧s✱ ✇❤❡r❡❛s t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ❢❛❧❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ ❛ ✜s❝❛❧
❡①♣❛♥s✐♦♥ ♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧ ♦❢ ♦✉t♣✉t ✐s ❛♠❜✐❣✉♦✉s✳ ❍❡r❡ t♦♦✱ ❛ ♣r♦♣❡r ♣♦❧✐❝②✲♠✐①
✷✼
♦❢ ✜s❝❛❧ ❡①♣❛♥s✐♦♥ ❛❧♦♥❣ ✇✐t❤ ❛❧❧ t❤❡ ♠❡❛s✉r❡s t❤❛t ❡♥s✉r❡s ❛ ❜❡tt❡r ❝♦♠♠✉♥✐t② ❤❡❛❧t❤
❛♥❞ ❛ r✐s❡ ✐♥ t❤❡ r❡❝♦✈❡r② r❛t❡ ❝❛♥ ❧❡❛❞ t♦ ❛ r✐s❡ ✐♥ t❤❡ ♦✉t♣✉t ❧❡✈❡❧ ❛♥❞ ❛ ❢❛❧❧ ✐♥ t❤❡ ❧❡✈❡❧
♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ✇❡ s❤♦✇❡❞ t❤❡ ♦❝❝✉rr❡♥❝❡
♦❢ ❧✐♠✐t ❝②❝❧❡s✳
◆❡❡❞❧❡ss t♦ s❛②✱ t❤❡ ❛♥❛❧②t✐❝❛❧ ❢r❛♠❡✇♦r❦ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s s✉❜❥❡❝t t♦ ❢❡✇ ❧✐♠✐t❛t✐♦♥s✳
❋✐rst✱ ♦✉r ♠♦❞❡❧ ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ s❤♦rt r✉♥✳ ❆♥❛❧②③✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ❈♦✈✐❞✲✶✾ ♣❛♥❞❡♠✐❝
♦♥ t❤❡ ❡❝♦♥♦♠② ❢r♦♠ t❤❡ ❧♦♥❣ r✉♥ ♣❡rs♣❡❝t✐✈❡ ✇♦✉❧❞ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❡①❡r❝✐s❡✳ ❙❡❝♦♥❞✱
✇❡ ❞✐❞ ♥♦t ❢♦❝✉s ♦♥ t❤❡ ❤❡❛❧t❤ s❡❝t♦r ✭❡①♣❧✐❝✐t❧②✮ ✐♥ ♦✉r ❛♥❛❧②s✐s✳ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❤❡❛❧t❤
s❡❝t♦r ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✐ts ❢❡❡❞❜❛❝❦ ❡✛❡❝t ♦♥ t❤❡ ❡❝♦♥♦♠② ❢r♦♠ ❜♦t❤ t❤❡ s❤♦rt✲r✉♥
❛s ✇❡❧❧ ❛s t❤❡ ❧♦♥❣ r✉♥ ♣❡rs♣❡❝t✐✈❡ ✇♦✉❧❞ ❜❡ ❛❧s♦ ❛♥ ✐♥t❡r❡st✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳
❚❤❡s❡ ✐ss✉❡s ❛r❡✱ ❤♦✇❡✈❡r✱ ❧❡❢t ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❆❧✈❛r❡③✱ ❋✳✱ ❆r❣❡♥t❡✱ ❉✳✱ ❛♥❞ ▲✐♣♣✐✱ ❋✳ ✭✷✵✷✵✮✳ ❆ s✐♠♣❧❡ ♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠ ❢♦r
❝♦✈✐❞✲✶✾ ❧♦❝❦❞♦✇♥✳ ❇❋■ ❲♦r❦✐♥❣ P❛♣❡r✳ ❲♦r❦✐♥❣ P❛♣❡r ♥♦✳ ✷✵✷✵✲✸✹✳ ❘❡tr✐❡✈❡❞
❢r♦♠ ❤tt♣s✿✴✴❜✜✳✉❝❤✐❝❛❣♦✳❡❞✉✴✇♦r❦✐♥❣✲♣❛♣❡r✴❛✲s✐♠♣❧❡✲♣❧❛♥♥✐♥❣✲♣r♦❜❧❡♠✲❢♦r✲❝♦✈✐❞✲
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❢r♦♠ ❤tt♣s✿✴✴✇✇✇✳♣❡r✐✳✉♠❛ss✳❡❞✉✴❝♦♠♣♦♥❡♥t✴❦✷✴✐t❡♠✴✶✷✽✸✲♣❛t❤✲❞❡♣❡♥❞❡♥❝❡✲❛♥❞✲
♣❛♥❞❡♠✐❝s✲✐♥✲❛✲❝❧❛ss✐❝❛❧✲❣r♦✇t❤✲♠♦❞❡❧
❬✷✵❪ ▼✉rr❛②✱ ❏✳❉✳ ✭✷✵✵✷✮✳ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✿ ■✳ ❆♥ ■♥tr♦❞✉❝t✐♦♥✳ ✸r❞ ❡❞♥✳ ◆❡✇ ❨♦r❦✱
❯❙❆✱ ❙♣r✐♥❣❡r✳
❬✷✶❪ ❖✉r ❲♦r❧❞ ✐♥ ❉❛t❛ ✇❡❜s✐t❡✳ ✭✷✵✷✵✮✳ ❘❡tr✐❡✈❡❞ ❢r♦♠
❤tt♣s✿✴✴♦✉r✇♦r❧❞✐♥❞❛t❛✳♦r❣✴❝♦r♦♥❛✈✐r✉s
❬✷✷❪ P❛t♥❛✐❦✱ P✳ ✭✷✵✶✾✮✳ ❚❤❡ ❉r❛♠❛t✐❝ ■♥❝r❡❛s❡ ✐♥ t❤❡ ❯♥❡♠♣❧♦②✲
♠❡♥t ❘❛t❡✳ P❡♦♣❧❡✬s ❉❡♠♦❝r❛❝②✱ ❏✉♥❡✱ ✶✻✱ ✷✵✶✾✳ ❘❡tr✐❡✈❡❞ ❢r♦♠
❤tt♣s✿✴✴♣❡♦♣❧❡s❞❡♠♦❝r❛❝②✳✐♥✴✷✵✶✾✴✵✻✶✻❴♣❞✴❞r❛♠❛t✐❝✲✐♥❝r❡❛s❡✲✉♥❡♠♣❧♦②♠❡♥t✲
r❛t❡
❬✷✸❪ P❛t♥❛✐❦✱ P✳ ✭✷✵✷✵✮✳ ❆ ❉❛♥❣❡r♦✉s ❈♦✉rs❡✳ P❡♦♣❧❡✬s ❉❡♠♦❝r❛❝②✱ ▼❛②✱ ✶✵✱ ✷✵✷✵✳ ❘❡✲
tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴♣❡♦♣❧❡s❞❡♠♦❝r❛❝②✳✐♥✴✷✵✷✵✴✵✺✶✵❴♣❞✴❞❛♥❣❡r♦✉s✲❝♦✉rs❡
❬✷✹❪ ❘❛③♠✐✱ ❆rs❧❛♥✳ ✭✷✵✷✵✮✳ ❙♦♠❡ ❙❤♦rt✲r✉♥ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❈♦♥s✐❞❡r❛t✐♦♥s ❛s ❙♦❝✐❡t②
❉❡❛❧s ✇✐t❤ ❛ ❖♥❝❡✲✐♥✲●❡♥❡r❛t✐♦♥s P❛♥❞❡♠✐❝✳ ❯▼❛ss ❊❝♦♥♦♠✐❝s ❲♦r❦✐♥❣ P❛♣❡rs✳
✷✽✼✳ ❘❡tr✐❡✈❡❞ ❢r♦♠ ❤tt♣s✿✴✴s❝❤♦❧❛r✇♦r❦s✳✉♠❛ss✳❡❞✉✴❡❝♦♥✇♦r❦✐♥❣♣❛♣❡r✴✷✽✼
❬✷✺❪ ❚❤❛❦✉r ●▼✱ ●✉❤❛ ❙✳ ✭✷✵✶✾✮✳ P❡tt② s❡r✈✐❝❡s✱ ♣r♦✜t✲❧❡❞ ❣r♦✇t❤ ❛♥❞ r✉r❛❧✕ ✉r❜❛♥
♠✐❣r❛t✐♦♥ ✐♥ ❛ ❞❡✈❡❧♦♣✐♥❣ ❡❝♦♥♦♠②✳ ▼❡tr♦❡❝♦♥♦♠✐❝❛✳ ✼✵✭✶✮✱ ✶✹✹✲✶✼✶✳ ❤tt♣s✿✴✴❞♦✐✳
♦r❣✴✶✵✳✶✶✶✶✴♠❡❝❛✳✶✷✷✸✸
❬✷✻❪ ❲♦r❧❞ ❇❛♥❦ ❉❛t❛ ♦♥ ❤❡❛❧t❤ ❡①♣❡♥❞✐t✉r❡✳ ❘❡tr✐❡✈❡❞ ❢r♦♠
❤tt♣s✿✴✴❞❛t❛✳✇♦r❧❞❜❛♥❦✳♦r❣✴✐♥❞✐❝❛t♦r✴❙❍✳❳P❉✳❈❍❊❳✳●❉✳❩❙❄❧♦❝❛t✐♦♥s❂■◆✲❯❙
❆ ❆♣♣❡♥❞✐①
❆✳✶ ❲❤❡♥ t❤❡ ■♥❢❡❝t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✐♠♣❛❝t ♦♥ t❤❡ ❛❣❣r❡✲
❣❛t❡ ❞❡♠❛♥❞✳
❍❡r❡ f = 0 ❛♥❞ t❤❡r❡❢♦r❡ ✐♥s❡rt✐♥❣ ✐t ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✾✮ ✇❡ ❣❡t J21 =
∂Y˙
∂I
= 0. ❆❧t❤♦✉❣❤ t❤❡
❛♥❛❧②s✐s ♦❢ I˙ = 0 ✐s♦❝❧✐♥❡ r❡♠❛✐♥s ✉♥❝❤❛♥❣❡❞✱ Y˙ = 0 ✐s♦❝❧✐♥❡ ✐s ♥♦✇ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
✸✵
✈❛❧✉❡ ♦❢ I. ❆s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ✐s ✐♥ ❛ ♥♦♥✲❧✐♥❡❛r ❢♦r♠✱ t❤❡ ♣❤❛s❡
❞✐❛❣r❛♠ ✭❋✐❣✉r❡ ❆✳✶✮ s❤♦✇s t❤❡ ❡①✐st❡♥❝❡ ♦❢ t✇♦ ❡q✉✐❧✐❜r✐❛ A ❛♥❞ B✳ ❆t t❤❡ st❡❛❞② st❛t❡
A, ❛s I < I˜ = βN−ν
2β
✱ J11 > 0. ❚❤❡r❡❢♦r❡ ❛t A t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①
❉❡t(J) = (J11J22 − J12J21)= J11J22 < 0. ❚❤✉s A ✐s ❛ s❛❞❞❧❡ ♣♦✐♥t ✉♥st❛❜❧❡ st❡❛❞② st❛t❡✳
❍♦✇❡✈❡r✱ ❛s I > I˜ = βN−ν
2β
❛t B, J11 < 0. ❚❤❡r❡❢♦r❡ ❛t B✱ ❉❡t(J)= J11J22 > 0 ❛♥❞ t❤❡
tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① tr(J) = (J11+J22) < 0. ❍❡♥❝❡ B ✐s ❛ st❛❜❧❡ st❡❛❞② st❛t❡✳
✷✺
❋✐❣✉r❡ ❆✳✶
❆✳✷ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶
Pr♦♦❢✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥ t♦ ✭✷✳✷✮ ✫ ✭✷✳✺✮ ✐s
λ2 + (−tr(J))λ+Det(J) = 0.
❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❢♦r ❝♦♠♣❧❡① r♦♦ts ✐s Det(J) > 0✱ ✇❤✐❝❤ ✐s
s❛t✐s✜❡❞ ❛t C✳ ❚❤❡ tr❛❝❡ ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❝❛♥ ❜❡ ♠❛❞❡ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡
❜② ❛♣♣r♦♣r✐❛t❡❧② s❡❧❡❝t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ρ ✇❤✐❧❡ ❧❡❛✈✐♥❣ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❝♦♥st❛♥t✳
❚♦ s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t tr(J) = J11 + J22 = (βN − ν) − 2βI − (1 − b)ρ✳ ❍❡♥❝❡ ✇❤❡♥
ρ = ρˆ = (βN−ν)−2βI
(1−b)
> 0 ✭ ∵ ❤❡r❡ {(βN − ν)− 2βI} > 0), t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤♦❧❞s
❡①❛❝t❧②✿
tr(J) = 2 ∗ ❘❡λ = [(βN − ν)− 2βI − (1− b)ρ] = 0
✇❤❡r❡ tr(J) ✐s t❤❡ tr❛❝❡ ♦❢ J ❛♥❞ ❘❡µ ✐s t❤❡ r❡❛❧ ♣❛rt ♦❢ ✐ts ❝❤❛r❛❝t❡r✐st✐❝ r♦♦ts✳ ❆s t❤❡
❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♣♦s✐t✐✈❡✱ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ r♦♦ts ✐s ♣♦s✐t✐✈❡ ✐♥ ❛
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛ss✉r✐♥❣ ■♠λ 6= 0✳ ◆♦✇ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ tr❛❝❡ ♦❢ t❤❡
❏❛❝♦❜✐❛♥ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ ρ ❛♥❞ t❤❡♥ ❡✈❛❧✉❛t✐♥❣ ✐t ❛t ρ = ρˆ ✇❡ ❣❡t
∂( tr(J)
2
)
∂ρ
∣∣∣
ρ=ρˆ
=
−(1− b)
2
< 0
✷✺❍❡r❡ ❛s J12 > 0 ❛♥❞ J21 = 0 s♦✱ tr(J)
2 − 4Det(J) = (J11 − J22)
2 > 0 ❛♥❞ ❤❡♥❝❡ t❤❡ st❡❛❞② st❛t❡ ✐s
❛ st❛❜❧❡ ♥♦❞❡✳
✸✶
❙♦ t❤❡ tr❛❝❡ ✐s s♠♦♦t❤✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ s♣❡❡❞ ♦❢ ❛❞✲
❥✉st♠❡♥t ♣❛r❛♠❡t❡r✱ ρ✳ ❚❤❡ tr❛❝❡ ❞✐s❛♣♣❡❛rs ❛t ρ = ρˆ. ❋r♦♠ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥✱
❛❧❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❛t ρ = ρˆ
❆✳✸ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸
Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✸(i) : A > 0 ✐♠♣❧✐❡s C > 0 ✇❤❡r❡❛s ❛ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ D ❡♥s✉r❡s
F > 0. AD ❛♥❞ (1 − b)C ❛r❡ ❛❧s♦ ♣♦s✐t✐✈❡✳ ❍♦✇❡✈❡r t❤❡ s✐❣♥ ♦❢ {AC + (1 − b)D − F}
✐s ❛♠❜✐❣✉♦✉s✳ ❍❡r❡ ❛s {AC + (1 − b)D − F} < 0, a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+
ρ2 +
{AC + (1− b)D − F}︸ ︷︷ ︸
−
ρ+AD︸︷︷︸
+
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥✈❡① ❛♥❞ ✐ts ✐♥t❡r❝❡♣t
✐s ♣♦s✐t✐✈❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❜✮✳ ❊q✉❛t✐♦♥ ξ(ρ) = 0 ❤❛s t✇♦ ♣♦s✐t✐✈❡ r❡❛❧ r♦♦ts✿ ρˆ1 ❛♥❞ ρˆ2.
❋♦r ρ ∈ (0, ρˆ1)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0❀ ❢♦r ρ ∈ (ρˆ1, ρˆ2)✱
✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 < 0❀ ❛♥❞ ❢♦r ρ > ρˆ2✱ ✇❡ ❤❛✈❡ a1 > 0,
a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0✳ ❍❡♥❝❡ t❤❡ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛t ρ = ρˆ1 ❛♥❞
ρ = ρˆ2 ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❜✮✳ ■♥❞❡❡❞✱ ❛t ρ = ρˆ1 ❛♥❞ ρ = ρˆ2✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0,
a3 > 0 ❛♥❞ a1a2 − a3 = 0✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1 − b)Cρ + {AC + (1 − b)D − F} ❛♥❞ s♦
∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ1
= [2(1− b)Cρˆ1︸ ︷︷ ︸
+
+ {AC + (1− b)D − F}︸ ︷︷ ︸
−
] < 0 ❛♥❞ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ2
= {2(1− b)Cρˆ2︸ ︷︷ ︸
+
+
{AC + (1− b)D − F}︸ ︷︷ ︸
−
} > 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛
r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠
❛r♦✉♥❞ ρ = ρˆ1 ❛♥❞ ρ = ρˆ2✳
Pr♦♣♦s✐t✐♦♥ ✸(ii) : D < 0 ❛♥❞ ρ > −D
C
t♦❣❡t❤❡r ✐♠♣❧② a2 > 0✳ A > 0 ❡♥s✉r❡s a1 > 0
❛♥❞ F > 0 ❡♥s✉r❡s a3 > 0.
❍♦✇❡✈❡r t❤❡ s✐❣♥ ♦❢ {AC+(1− b)D−F} ✐s ❛♠❜✐❣✉♦✉s✳ ❲❤❡♥ {AC+(1− b)D−F} > 0✱
a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+
ρ2 + {AC + (1− b)D − F}︸ ︷︷ ︸
+
ρ + AD︸︷︷︸
−
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝
❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥✈❡① ❛♥❞ ❛t ρ = ρˆ, a1a2❂a3 ≡ ξ(ρ) = 0 ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❝✮✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1− b)Cρ+ {AC + (1− b)D− F} > 0 ❛♥❞ s♦ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ
> 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s
♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲
❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ ρ = ρˆ✳
◆♦✇ ❝♦♥s✐❞❡r {AC + (1 − b)D − F} < 0✳ ❚❤❡♥ a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+
ρ2 +
{AC + (1− b)D − F}︸ ︷︷ ︸
−
ρ+ AD︸︷︷︸
−
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥✈❡① ❛♥❞ ❛t ρ = ρˆ,
a1a2❂a3 ≡ ξ(ρ) = 0 ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❞✮✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1−b)Cρ+{AC+(1−b)D−F}
✸✷
❛♥❞ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ
> 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡
❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ ρ = ρˆ✳
Pr♦♣♦s✐t✐♦♥ ✸(iii) : A < 0 ❛♥❞ ρ > −A
(1−b)
t♦❣❡t❤❡r ✐♠♣❧② a1 > 0. D < 0 ❛♥❞ ρ >
−D
C
t♦❣❡t❤❡r ✐♠♣❧② a2 > 0✳ F > 0 ❡♥s✉r❡s a3 > 0.
a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+
ρ2 + {AC + (1− b)D − F}︸ ︷︷ ︸
−
ρ + AD︸︷︷︸
+
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝
❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥✈❡① ❛♥❞ ✐ts ✐♥t❡r❝❡♣t ✐s ♣♦s✐t✐✈❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❜✮✳ ❊q✉❛t✐♦♥ ξ(ρ) = 0
❤❛s t✇♦ ♣♦s✐t✐✈❡ r❡❛❧ r♦♦ts✿ ρˆ1 ❛♥❞ ρˆ2. ❋♦r ρ ∈ (0, ρˆ1)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0
❛♥❞ a1a2 − a3 > 0❀ ❢♦r ρ ∈ (ρˆ1, ρˆ2)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 < 0❀
❛♥❞ ❢♦r ρ > ρˆ2✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0✳ ❍❡♥❝❡ t❤❡ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛t ρ = ρˆ1 ❛♥❞ ρ = ρˆ2 ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❜✮✳ ■♥❞❡❡❞✱ ❛t ρ = ρˆ1 ❛♥❞ ρ = ρˆ2✱
✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 = 0✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1 − b)Cρ +
{AC + (1 − b)D − F} ❛♥❞ s♦ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ1
= [2(1− b)Cρˆ1︸ ︷︷ ︸
+
+ {AC + (1− b)D − F}︸ ︷︷ ︸
−
] < 0
❛♥❞ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ2
= {2(1− b)Cρˆ2︸ ︷︷ ︸
+
+{AC + (1− b)D − F}︸ ︷︷ ︸
−
} > 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱
♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ ρ = ρˆ1 ❛♥❞ ρ = ρˆ2✳
Pr♦♣♦s✐t✐♦♥ ✸(iv) : A < 0 ❛♥❞ ρ > −A
(1−b)
t♦❣❡t❤❡r ✐♠♣❧② a1 > 0✳ C > 0 ❛♥❞ D > 0
t♦❣❡t❤❡r ❡♥s✉r❡ a2 > 0 ❛♥❞ F > 0 ❡♥s✉r❡s a3 > 0.
❍♦✇❡✈❡r t❤❡ s✐❣♥ ♦❢ {AC+(1− b)D−F} ✐s ❛♠❜✐❣✉♦✉s✳ ❲❤❡♥ {AC+(1− b)D−F} > 0✱
a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+
ρ2 + {AC + (1− b)D − F}︸ ︷︷ ︸
+
ρ + AD︸︷︷︸
−
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝
❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥✈❡① ❛♥❞ ❛t ρ = ρˆ, a1a2❂a3 ≡ ξ(ρ) = 0 ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❝✮✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1− b)Cρ+ {AC + (1− b)D− F} > 0 ❛♥❞ s♦ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ
> 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s
♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲
❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ ρ = ρˆ✳
◆♦✇ ❝♦♥s✐❞❡r {AC + (1 − b)D − F} < 0✳ ❚❤❡♥ a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
+
ρ2 +
{AC + (1− b)D − F}︸ ︷︷ ︸
−
ρ+ AD︸︷︷︸
−
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥✈❡① ❛♥❞ ❛t ρ = ρˆ,
a1a2❂a3 ≡ ξ(ρ) = 0 ✭s❡❡ ❋✐❣✉r❡ ✸✳✶❞✮✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1−b)Cρ+{AC+(1−b)D−F}
❛♥❞ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ
> 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢ ❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡
❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ ρ = ρˆ✳
Pr♦♣♦s✐t✐♦♥ ✸(v) : A < 0 ❛♥❞ ρ > −A
(1−b)
t♦❣❡t❤❡r ✐♠♣❧② a1 > 0. C < 0✱ D > 0 ❛♥❞
ρ < −D
C
t♦❣❡t❤❡r ✐♠♣❧② a2 > 0✳ F > 0 ❡♥s✉r❡s a3 > 0.
✸✸
❲❤❡♥ {AC+(1−b)D−F} < 0✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ ρ✱ ξ(ρ) ✐s ♥❡❣❛t✐✈❡ ✭s❡❡ ❋✐❣✉r❡
✸✳✷❜✮✳ ❍❡♥❝❡ t❤❡ st❡❛❞② st❛t❡ ✐s ✉♥st❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❤❡♥ {AC+(1−b)D−F} >
0,a1a2❂a3 ≡ ξ(ρ) = (1− b)C︸ ︷︷ ︸
−
ρ2 + {AC + (1− b)D − F}︸ ︷︷ ︸
+
ρ + AD︸︷︷︸
−
R 0✳ ❚❤❡ q✉❛❞r❛t✐❝
❢✉♥❝t✐♦♥ ξ(ρ) ✐s ❝♦♥❝❛✈❡ ❛♥❞ ✐ts ✐♥t❡r❝❡♣t ✐s ♥❡❣❛t✐✈❡ ✭s❡❡ ❋✐❣✉r❡ ✸✳✷❛✮✳ ❊q✉❛t✐♦♥ ξ(ρ) = 0
❤❛s t✇♦ ♣♦s✐t✐✈❡ r❡❛❧ r♦♦ts✿ ρˆ1 ❛♥❞ ρˆ2. ❋♦r ρ ∈ (0, ρˆ1)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0
❛♥❞ a1a2 − a3 < 0❀ ❢♦r ρ ∈ (ρˆ1, ρˆ2)✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 > 0❀
❛♥❞ ❢♦r ρ > ρˆ2✱ ✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 < 0✳ ❍❡♥❝❡ t❤❡ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ♦❝❝✉rs ❛t ρ = ρˆ1 ❛♥❞ ρ = ρˆ2 ✭s❡❡ ❋✐❣✉r❡ ✸✳✷❛✮✳ ■♥❞❡❡❞✱ ❛t ρ = ρˆ1 ❛♥❞ ρ = ρˆ2✱
✇❡ ❤❛✈❡ a1 > 0, a2 > 0, a3 > 0 ❛♥❞ a1a2 − a3 = 0✳ ❋✉rt❤❡r✱
∂ξ(ρ)
∂ρ
= 2(1 − b)Cρ +
{AC + (1 − b)D − F} ❛♥❞ s♦ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ1
= [2(1− b)Cρˆ1︸ ︷︷ ︸
−
+ {AC + (1− b)D − F}︸ ︷︷ ︸
+
] > 0
❛♥❞ ∂ξ(ρ)
∂ρ
∣∣
ρ=ρˆ2
= {2(1− b)Cρˆ2︸ ︷︷ ︸
−
+{AC + (1− b)D − F}︸ ︷︷ ︸
+
} < 0. ❚❤✉s✱ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❍♦♣❢
❜✐❢✉r❝❛t✐♦♥ ❛r❡ s❛t✐s✜❡❞✳ ❆s ❛ r❡s✉❧t✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢❛♠✐❧② ♦❢ ♥♦♥✲❝♦♥st❛♥t✱
♣❡r✐♦❞✐❝ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❛r♦✉♥❞ ρ = ρˆ1 ❛♥❞ ρ = ρˆ2✳
❆✳✹ ❊✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝ ❝❤❛♥❣❡s
❲❡ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ✜s❝❛❧ ♣♦❧✐❝②✱ t❤❡ ✐♥❢❡❝t✐♦♥ r❛t❡ ✭β✮✱ t❤❡ r❡❝♦✈❡r②
r❛t❡ (ν)✱ ❛♥❞ θ ✭t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢❡❝t❡❞ ✐♥❞✐✈✐❞✉❛❧s ✭I✮ ❞✉❡ t♦ ❛ r✐s❡
✐♥ t❤❡ ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t② ✭Y ✮✮ ♦♥ t❤❡ st❡❛❞②✲st❛t❡ ✈❛❧✉❡s ♦❢ I✱ Y, ❛♥❞ S. ❲❡ ♦♥❧② ❝♦♥s✐❞❡r
t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡ ❤❡r❡✳
❚❤❡ ❡✛❡❝ts ♦❢ ♣❛r❛♠❡tr✐❝ ❝❤❛♥❣❡s ❝❛♥ ❜❡ s❤♦✇♥ ❜② t♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✶✮✱
✭✸✳✷✮ ❛♥❞ ✭✸✳✸✮✱ ✇❤✐❝❤ ✐♠♣❧②

 J11 J12 J13J21 J22 0
J31 0 J33



 dIdY
dS

 =

 −SI0
SI

 dβ+

 I0
0

 dν+

 10
0

 dφ+

 −Y0
0

 dθ+

 0−ρ
0

 da
✭❆✳✶✮
◆♦t❡ t❤❛t ❢♦r st❛❜✐❧✐t②✱ a3 = −❉❡t(J) ♠✉st ❜❡ ♣♦s✐t✐✈❡✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ❛ss✉♠❡
❉❡t(J) < 0. ❋r♦♠ ❡q✉❛t✐♦♥ ✭❆✳✶✮ ✇❡ ❣❡t dI
dβ
= −SIJ22J33
❉❡t(J)
= −SI(1−b)(βI+µ)ρ
❉❡t(J)
> 0❀ dY
dβ
=
2ρfSI2µ
❉❡t(J)
< 0❀ dS
dβ
= SI[(1−b)(ν+µ)ρ+2θρfI]
❉❡t(J)
< 0; dI
dν
= I(1−b)(βI+µ)ρ
❉❡t(J)
< 0❀ dY
dν
= −2ρfI
2(βI+µ)
❉❡t(J)
> 0❀
dS
dν
= −I(1−b)(βS+µ)ρ
❉❡t(J)
> 0; dI
dφ
= (1−b)(βI+µ)ρ
❉❡t(J)
< 0❀ dY
dφ
= −2ρfI(βI+µ)
❉❡t(J)
> 0❀ dS
dφ
= −(1−b)(βS+µ)ρ
❉❡t(J)
>
0; dI
dθ
= −Y (1−b)(βI+µ)ρ
❉❡t(J)
> 0❀ dY
dθ
= 2Y fI(βI+µ)ρ
❉❡t(J)
< 0❀ dS
dθ
= Y (1−b)(βS+µ)ρ
❉❡t(J)
< 0; dI
da
=
−ρθ(βI+µ)
❉❡t(J)
> 0; dY
da
= −ρ[ν(βI+µ)+βµ(I−S)]
❉❡t(J)
≷ 0; ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r [ν(βI+µ)+βµ(I−S)] ≷
0; ❛♥❞ dS
da
= ρθ(βS+µ)
❉❡t(J)
< 0.
✸✹
❆✳✺ ❆ ❢❛❧❧ ✐♥ a r❡❞✉❝❡s t❤❡ ❛r❡❛ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t s❡t
❇❡❝❛✉s❡ ♦❢ ❛ ❝♦♥tr❛❝t✐♦♥❛r② ✜s❝❛❧ ♣♦❧✐❝②✱ t❤❡ r❡❣✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t s❡t ❜❡❝♦♠❡s s♠❛❧❧❡r✳ ■❢
✇❡ ❛ss✉♠❡ β = 0.5✱ N = 5✱ ν = 1.5✱ φ = 2, θ = 0.7, a = 1.78✱ b = 0.35, f = 0.9, ❛♥❞
ρ = 0.9✱ ❛t t❤❡ st❡❛❞② st❛t❡ A ✇❡ ❣❡t I∗ = 0.096841✱ Y ∗ = 2.7255 ❛♥❞ ❛t t❤❡ st❛❜❧❡
st❡❛❞② st❛t❡ C ✇❡ ❣❡t I∗ = 0.58377 ❛♥❞ Y ∗ = 2.2666. ❍♦✇❡✈❡r✱ ❛s a ❢❛❧❧s t♦ 1.74, ❛t t❤❡
♥❡✇ st❡❛❞② st❛t❡ A′ ✇❡ ❣❡t I∗ = 0.16725✱ Y ∗ = 2.6382 ❛♥❞ ❛t t❤❡ st❛❜❧❡ st❡❛❞② st❛t❡
C ′ ✇❡ ❣❡t I∗ = 0.51337 ❛♥❞ Y ∗ = 2.312. ❈❧❡❛r❧②✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛❜❧❡ st❡❛❞②
st❛t❡ C✱ ❛t t❤❡ ♥❡✇ st❛❜❧❡ st❡❛❞② st❛t❡ C ′ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡ ♦❢ Y ✐s ❤✐❣❤❡r ❛♥❞ I ✐s
❧♦✇❡r✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ❛ ❢❛❧❧ ✐♥ a, ❛s ❋✐❣✉r❡ ❆✳✷ s❤♦✇s✱ ❛r❡❛ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t s❡t ❜❡❝♦♠❡s
s♠❛❧❧❡r✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ s②st❡♠ ❜❡❝♦♠❡s ♠♦r❡ ❢r❛❣✐❧❡✳
◆♦t❡ t❤❛t t❤❡ ❜❧✉❡ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ✐♥✈❛r✐❛♥t s❡t✳ ❆s ✇❡ s❡❡✱ ❛ ❢❛❧❧ ✐♥ a r❡❞✉❝❡s t❤❡
❛r❡❛ ♦❢ t❤❡ ✐♥✈❛r✐❛♥t s❡t✳
❋✐❣✉r❡ ❆✳✷✿ ■♥✈❛r✐❛♥t s❡t
❆✳✻ ❚❛❜❧❡ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s
❚❛❜❧❡ ❆✳✶✿ ❆❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s
A C D F ❘❡s✉❧ts
✶ + + + + ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✷ ♦r ✸(i)
✷ + + + − ◆♦t ♣♦ss✐❜❧❡
✸ + + − + ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✸(ii)
✹ + + − − ❯♥st❛❜❧❡
✺ + − + + ◆♦t ♣♦ss✐❜❧❡
✻ + − + − ◆♦t ♣♦ss✐❜❧❡
✼ + − − + ◆♦t ♣♦ss✐❜❧❡
✽ + − − − ◆♦t ♣♦ss✐❜❧❡
A C D F ❘❡s✉❧ts
✾ − + + + ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✸(iv)
✶✵ − + + − ◆♦t ♣♦ss✐❜❧❡
✶✶ − + − + ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✸(iii)
✶✷ − + − − ❯♥st❛❜❧❡
✶✸ − − + + ❙❡❡ Pr♦♣♦s✐t✐♦♥ ✸(v)
✶✹ − − + − ◆♦t ♣♦ss✐❜❧❡
✶✺ − − − + ❯♥st❛❜❧❡
✶✻ − − − − ❯♥st❛❜❧❡
✸✺
